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Abstract

This dissertation is comprised of three parts. The first proposes a sequential approach

to determine the experimental setting with the minimum variance (Kerfonta et al., 2024). Two

acquisition functions are developed to assist developing the approach. Theoretical results along

with a case study using data from crystallization experiments is conducted to show the ability of the

proposed method to correctly select the experiment with the minimum variance. The second and

third parts propose adaptations to the Bayesian optimization algorithm using transformed additive

Gaussian processes (TAG) as the surrogate model. The goal of using the TAG framework is to

decompose the optimization problem into multiple one-dimensional optimization problems. The

second part of this dissertation proposes a Bayesian optimization algorithm for single objective

optimization using TAG as the surrogate model and a modified expected improvement acquisition

function. To demonstrate the advantages of the proposed method, it will be compared to Bayesian

optimization with a Gaussian process surrogate model using the expected improvement acquisition

function. The final part of this dissertation proposes a bi-objective Bayesian optimization algorithm

that uses TAG as the surrogate model and a modified expected hypervolume improvement acquisition

function. This approach is compared to classical bi-objective Bayesian optimization using a Gaussian

process surrogate model. Functions from existing bi-objective optimization literature are used to

demonstrate the advantages of the proposed method.
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2.2 Prior Setting (1): P̂ (t) and Ĉ(t) of the five methods with different m and K. . . . . 19
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Chapter 1

Introduction

This dissertation proposes several adaptations to the Bayesian optimization algorithm.

Chapter 2 proposes a proposes a Bayesian optimization algorithm to find the experimental set-

ting with the smallest variance. This chapter has been published as Kerfonta et al. (2024). Chapter

3 proposes a Bayesian optimization algorithm for single objective optimization problems using trans-

formed additive Gaussian processes as the surrogate model and a modified expected improvement

acquisition function. Chapter 4 also uses transformed additive Gaussian processes as the surrogate

model in the Bayesian optimization algorithm, but for the bi-objective case, and a modified expected

hypervolume improvement acquisition function. This chapter has been submitted for publication to

the proceedings of Winter Simulation Conference 2024.

There are many different techniques for sequential designs for decision making. Sequential

problems can have a discrete or continuous decision space. When the decision space is discrete

decision making is often called ranking and selection. A commonly used technique when the decision

space is continuous decision making is Bayesian optimization (Powell and Ryzhov, 2012). There are

also frequentist approaches to sequential decision making (Xu and Zeevi, 2023).

A review of ranking and selection problems, applications, and advances is given by Hong

et al. (2021). Ranking and selection methods are are classified as either fixed budget procedures

or fixed precision procedures (Hunter and Nelson, 2017). For fixed budget procedures, there is a

set number of experiments to be conducted and a design is created to sample alternatives so that

the design is optimized (Frazier et al., 2008). When using a fixed precision procedure, designs

are sampled until a certain probability of correct selection is reached (Paulson, 1964). Ranking
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and selection methods can be computationally expensive. In order to handle problems with large

numbers of alternative designs, parallel ranking and selection procedures have been developed in

the literature (Hong et al., 2022; Zhong and Hong, 2022). There are many problems that may have

multiple attributes that measure performance; Butler et al. (2001) develops a ranking and selection

procedure to handle this type of problem. Many ranking and selection problems evaluate a single

problem, rather than performing a pairwise comparison. Xiao et al. (2023) develops a technique to

perform pairwise comparisons.

A survey on recent developments to Bayesian optimization techniques is provided in Wang

et al. (2023). One weakness of Bayesian optimization is that the technique does not perform well

when the dimension of the decision space is large (Kandasamy et al., 2015). Chapter 3 and Chapter

4 will propose methods for Bayesian optimization with a high dimensional decision space. Spagnol

et al. (2019) proposed a method to reduce the decision space through variable selection with sen-

sitivity analysis. Bayesian optimization has also been used to solve combinatorial problems (Wang

et al., 2023). This is done by handling a problem with a discrete decision space as having a con-

tinuous decision space (Garrido-Merchán and Hernández-Lobato, 2020). Another area of interest in

Bayesian optimization is developing robust techniques for data with outliers, Martinez-Cantin et al.

(2018) develops an algorithm using Student’s T distribution to classify outliers.

We summarize the generic Bayesian optimization algorithm in a flowchart and an algorithm.

Figure 1.1 shows the optimization process that is continued until a budget or a maximum number of

steps is exhausted. The generic Bayesian optimization algorithm is shown in Algorithm 1 (Frazier,

2018). The surrogate model is developed in step 3 and the acquisition function is optimized in step

4. Step 5 updates the dataset and step updates the prior and posterior distributions. Chapter 4

proposes a bi-objective Bayesian optimization algorithm. In bi-objective Bayesian optimization, a

surrogate model is fit to each of the objective functions and then an acquisition function that is able

to handle a higher dimension is optimized (Loka et al., 2022).

2
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Figure 1.1: Flowchart depicting the Bayesian optimization algorithm for blackbox functions.

Algorithm 1 Generic Bayesian optimization Algorithm (Frazier, 2018)

1: Place a prior distribution on f(x)

2: for n = 0, 1, . . . , N − 1 do

3: Compute acquisition function based on the prior distribution of y(x)

4: Find xn+1 that maximizes the acquisition over x ∈ X

5: Collect a new data point by evaluating y(x) at xn+1,

6: Update the prior distribution of y(x) as the posterior distribution of y(x) given all existing

data.

7: end for

Return the point with the largest posterior mean.

Chapter 2 focuses on developing a sequential selection procedure to select the experiment

with the smallest variance. That is to say it focuses on the problem

x∗ ∈ argminx∈Xσ2
x,

where σ2
x’s are unknown variance parameters for each of the experimental settings and there is

a finite candidate set X = {1, . . . ,K}. The size uniformity of crystals used in manufacturing

processes can be critical quality attributes, and influential factors for quality attributes (Mascia
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et al., 2013; Abolhasani and Jensen, 2016; Hadiwinoto et al., 2019; McDonald et al., 2021; Mou et al.,

2022). The reliable quantification of actual crystal size often still have to rely on time-consuming

manual counting, for samples with overlapping crystals and shape/size difference. Therefore, it

is desired to evaluate and optimize experimental conditions with a small number of experiments

(and measurements). Using these crystals as motivation, the sequential selection procedure will

be developed. To develop the approach, first a Bayesian adaptive method to incorporate new

uniformity measurements in each step based on the conjugacy property of chi-squared and inverse

gamma distributions is derived. Second, acquisition functions based on knowledge gradient as well

as expected improvement are designed. A case study utilizing data from crystallization experiments

will be used to show the advantages of the proposed procedure. Through numerical simulations

and the case study, it is shown that the knowledge gradient and expected improvement acquisition

functions for the inverse gamma prior that are proposed in this chapter are the most robust amongst

the existing methods to which they are compared.

Chapters 3 and 4 introduce Bayesian optimization algorithms using transformed additive

Gaussian processes as the surrogate model. Bayesian optimization is a commonly used technique

to optimize complex equations (Frazier, 2018). This technique is comprised of two important parts:

the surrogate model to fit the data, and the acquisition function which is optimized to determine the

next location to sample. These chapters will use the Transformed Additive Gaussian Process (TAG)

framework as described in Lin and Joseph (2020) to model the data and decompose the objective

function(s) into one-dimensional additive pieces. They will also modify commonly used acquisition

functions to accommodate the TAG framework as the surrogate model.

Chapter 3 will use the TAG framework as a surrogate model for single objective optimization

problems. The problem that this chapter seeks to solve, through Bayesian optimization is, the

minimization problem, which is defined as:

min y(x)

s.t. x ∈ X

where X ⊂ Rn is the feasible set. Although the Bayesian optimization is derivative free, as the

dimension of the problem increases, so does the computational expense and time needed to run the

algorithm (Malu et al., 2021). To simplify the problem, and decrease the computational complexity,

4



we propose fitting a TAG model to the data as the surrogate model. This framework will decompose

the objective function into one-dimensional pieces that can be optimized separately. Expected

Improvement is a commonly used acquisition function in Bayesian optimization (Jones et al., 1998)

and we will modify it to be able to optimize the decomposed objective functions. A numerical

study is conducted to show the advantages of the proposed method over Bayesian optimization

with a traditional Gaussian process surrogate model and expected improvement as the acquisition

function. It is shown that as the dimension of the objective function increases as does the advantage

of the proposed method. The method also performs well when the objective function is transformed

to be additive. If there is an interaction or the method cannot be transformed to be additive the

method does not out perform traditional methods.

To further the work done in Chapter 3, Chapter 4 will use the TAG framework as a surrogate

model in bi-objective Bayesian optimization. In this chapter, the problem that we seek to solve is:

min y(x) = [y1(x), y2(x)]

s.t. x ∈ X

where X ⊂ Rd is a feasible set. Just as in the single objective case, as the dimension of the

objective functions increases, as does the difficulty to optimize them. A TAG model will be fit to

each objective function as the surrogate model. The problem will then be decomposed into one-

dimensional bi-objective problems that can be optimized separately. A commonly used acquisition

function in bi-objective Bayesian optimization is expected hypervolume improvement (Emmerich

et al., 2011). The proposed method will modify the expected hypervolume improvement calculation

to be able to optimize the many one-dimensional bi-objective optimization problems. A numerical

study using simple objective functions as well as an example from existing bi-objective optimization

literature are used to demonstrate the advantages of the proposed method. As the dimension of the

decision space increases, so does the advantage of the proposed method over classical bi-objective

Bayesian optimization. The proposed method performs well when the objective function can be

transformed to be additive, rather than having interactions or have an additive structure without

being transformed.

5



Chapter 2

Sequential Selection for

Minimizing the Variance

2.1 Introduction

Many important products, such as pharmaceuticals and batteries, contain crystals in the

final products or involve crystals as manufacturing intermediates (Jiang et al., 2014; Jiang and

Braatz, 2016; McDonald et al., 2021; Zambrano and Jiang, 2023). Besides the chemical composition,

physical aspects of crystals are also important for product quality and consistency, such as the crystal

size and the size variance (Variankaval et al., 2008; Adamo et al., 2016; Mou et al., 2022; McDonald

et al., 2021). Starting from solution, crystals form from phase transition, which involves multiple

possible physical and chemical phenomena (e.g., nucleation, growth, attrition, aggregation). Often,

the size distribution of outcome crystals are sensitive to experimental conditions such as temperature

and concentration. It is of great interest to identify the experimental conditions that consistently

lead to the smallest variance of the crystal sizes, which indicates the best uniformity of crystals.

Microscope images (e.g., Figure 2.1) have a fast and convenient data format to determine

crystal size quality using microscopes. However, reliably measurements of crystal sizes from micro-

scope images often rely on time-consuming manual counting of all crystals, especially when images

contain overlapping crystals and/or too many crystals. Therefore, it is still desired to optimize the

experimental condition using as few trials (and microscope measurements) as possible. Additionally,

6



reducing the number of experiments reduces materials, reliance on advanced equipment, and human

operation errors under tight schedules. Thus, it is preferable to conduct the experiments in a sequen-

tial manner such that the resources can be strategically allocated to more promising experimental

settings based on the information collected along the process.

Figure 2.1: A microscope image of manganese oxalate hydrate crystals synthesized from the reaction
crystallization.

Motivated by the application of crystallization experiments, our aim is to develop a sequen-

tial selection approach to find the optimal experimental condition that minimizes the variation of

crystal sizes. The proposed sequential selection approach contains (1) a Bayesian adaptive method

to incorporate new uniformity measurements in each step based on the conjugacy property of chi-

squared and inverse gamma distributions, and (2) design acquisition functions based on knowledge

gradient as well as expected improvement to improve the selection of the most promising experimen-

tal setting for minimizing the variance of crystal size. The proposed selection approach is considered

a ranking and selection (R&S) problem, which is a classic mathematical framework for identifying

the optimal alternative from multiple alternatives. We review the R&S literature and point out the

distinction of our method.

The R&S problem can date back as early as Bechhofer (1954). There have been various

schools of thought on designing budget allocation strategies in the literature of R&S. One particular

school of thought is to use sequential allocation strategies under Bayesian models, for which the

7



experimenter first spends part of the budget, collects information to update the prior belief, then

decides how to allocate the remaining budget such that the expected one-step-ahead (or multiple-

step-ahead) gain under certain criteria can be maximized based on the latest belief. Some examples

of sequential allocation strategies following this school of thought include but not limited to expected

improvement (EI; Jones et al. 1998) and knowledge gradient (KG; Gupta and Miescke 1996). The EI-

type methods are broadly applied due to their computational efficiency and practical performance;

for example, see Tesch et al. (2011), Wang et al. (2021) and Chen et al. (2022) for some applications

of EI-type methods. Generally speaking, the EI-type methods evaluate the expected improvement

over the current best estimate that would have been obtained if an alternative were selected to

sample, and select the one that possesses the largest expected improvement to sample. There are

plenty of developments of EI-type methods in recent years, such as knowledge gradient (Frazier et al.,

2008), the expected value of information (Chick et al., 2010), and complete expected improvement

(Salemi et al., 2019). The performance of the EI-type methods has also been thoroughly studied

recently; for example, Ryzhov (2016) analyzes the convergence rate of classic EI and other related

methods, and Chen and Ryzhov (2019) gives the first tuning-free sequential approach that is able

to achieve the optimal allocation asymptotically under normal sampling distributions.

The computational tractability and efficiency of the above EI-type methods are usually

achieved by assuming a certain sampling distribution (mostly, normal). Then, with normal prior

(conjugate prior), the posterior distribution of the unknown parameter is also in the normal distri-

bution family, which allows for closed-form expressions for selection criteria and sequential updates

for estimators. Therefore, to efficiently identify the optimal experimental setting that produces crys-

tals of the best uniformity, we propose an R&S framework by constructing a new EI-type method,

which is a computationally-tractable sequential selection procedure with a closed-form knowledge-

gradient-based criterion or an expected-improvement-based criterion to sample the alternatives. Our

approach significantly distinguishes from the existing literature of R&S. First, the performance of

the alternatives in our problem is the uniformity of the crystals produced and is estimated by the

sample variances of the collected observations. By contrast, most existing works on R&S take the

population means of the sampling distribution as the optimization objective, while only a few focus

on optimizing the variance of the alternatives, such as Trailovic and Pao (2004) and Hunter and

McClosky (2016). Second, we model the sample variances of the alternatives by chi-squared distri-

butions and derive closed-form sequential updates for the estimators by assuming conjugate inverse-
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Gamma prior. In fact, R&S under sampling distributions other than normal is gaining momentum

recently; for example, Zhang et al. (2020) consider R&S under exponential sampling distributions,

and Chen and Ryzhov (2022) propose a tuning-free sequential budget allocation strategy that can

achieve the large-deviation-based optimal allocation with regard to maximizing the probability of

correct selection (PCS) under general sampling distributions (Glynn and Juneja, 2004). Hence, our

methodology also enriches the literature of R&S under non-normal sampling distributions.

This chapter is organized as follows. Section 2.2 will describe the problem and detail the

framework of the proposed sequential selection method. Section 2.3 will describe a Bayesian adap-

tive method to incorporate the collected uniformity measurements in a sequential manner. Section

2.4 will provide design acquisition functions based on knowledge gradient as well as expected im-

provement for minimizing the variance. Section 2.5 will provide a numerical study comparing the

proposed method to existing methods, and Section 2.6 will provide a case study using data from

crystallization experiments. A conclusion will be given in Section 2.7.

2.2 Problem Description

Consider the problem of minimizing the variance of experimental settings within a finite

candidate set X = {1, . . . ,K}, i.e.,

x∗ ∈ argminx∈Xσ2
x, (2.1)

where σ2
x’s are unknown variance parameters. By conducting an experiment under a setting x, we

collect a sample variance S2
x with a fixed sample size m to estimate the variance σ2

x. Denote by m the

number of crystals obtained in each crystallization experiment. Note that K is finite and S2
x’s are

i.i.d. noisy observations of σ2
x for each x. Given a fixed budget, the total number of experiments that

may be conducted under all settings is also fixed, thus sampling one alternative not only collects

information about this alternative but also reduces the opportunity to learn other alternatives.

Consequently, not every alternative can be sampled sufficiently to obtain an accurate estimator of

σ2
x. Moreover, some alternatives may not be even worth sampling many times if their performances

are too poor. Taking the Bayesian perspective, we view the unknown variance parameters σ2
x’s

as random variables. Our initial belief about the variances of different experimental settings is

specified by their prior distributions. In particular, we assume that σ2
1 , . . . , σ

2
K are independent

9



random variables following the inverse gamma (denoted by IG) distribution, i.e.,

σ2
x ∼ IG

(
a(0)x , b(0)x

)
, for all x ∈ X , (2.2)

where a
(0)
x > 1 and b

(0)
x > 0 are the initial prior parameters before data collection. Assume that

the sample variances S2
x’s from different experimental settings are independent. Given the variance

parameter σ2
x, we model the sample variance S2

x by

(m− 1)S2
x | σ2

x ∼ σ2
xχ

2
m−1, (2.3)

where χ2
m−1 represents a chi-squared random variable with m− 1 degrees of freedom. Furthermore,

suppose that the prior distributions and the sample variances from different experimental settings

are independent. Note that the model assumption for S2
x holds approximately if the sample variance

S2
x is computed based on a random sample of a fixed size m.

Let N be the total number of experiments. Denote by x(t+1) and S2
x(t+1) the experimental

setting selected and the sample variance collected at time t, respectively. Based on the prior distri-

bution in (2.2) and data model in (2.3), we develop a fully sequential selection procedure to solve the

target problem (2.1). In each step of the sequential procedure, we choose an experimental setting

x from {1, . . . ,K}, collect the sample variance S2
x through experiments, and update the posterior

distribution. Then, a data-driven solution to (2.1) at time t can be recursively given by

x∗(t) ∈ argminx∈XE
[
σ2
x|S2

x(j+1) , j ∈ Ax(t)
]
, (2.4)

where Ax(t) = {j ≤ t : x(j+1) = x} is an index set indicating the stages at which x is sampled

up to time t. We say “correct selection” occurs at time t if x∗(t) correctly finds x∗. We show that

(2.4) can be efficiently solved by a sequential selection procedure, which consists of (1) a Bayesian

update scheme for the posterior distribution based on sequential data acquisition (Section 2.3); (2) an

acquisition function based on the collected information for measuring the potential improvement to

the decision-making by sampling a new experimental setting (Section 2.4). To give a clear overview,

we summarize the whole procedure of sequential selection in Algorithm 2, in which the proposed

Bayesian update and acquisition function are applied at Step 3 and Step 5, respectively.
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Algorithm 2 An Algorithm on Sequential Selection for Minimizing the Variance

1: Specify the initial prior parameters, a
(0)
x and b

(0)
x for all x ∈ X .

2: for 0 ≤ t ≤ N − 1 do

3: Evaluate the acquisition function for each x ∈ X given the prior parameters a
(t)
x and b

(t)
x , and

choose the experimental setting x(t+1) that maximizes the acquisition function over x ∈ X ;

4: Conduct an experiment under x(t+1) to obtain an observation S2
x(t+1) ;

5: Update the prior parameters to a
(t+1)
x and b

(t+1)
x for all x ∈ X using S2

x(t+1) .

6: end for

7: Return the experimental setting that minimizes the expected variance at t = N according to

(2.4).

2.3 Bayesian Sequential Update for the Variance

This section constructs a Bayesian update to the posterior distribution in each step of

the proposed sequential procedure. Typically, a Bayesian update is based on the conjugacy (or

approximate conjugacy) of the prior and the posterior distribution, i.e., the posterior distribution

belongs to the same distribution family as the prior. Lemma 1 proves the conjugacy of the inverse

gamma prior for the χ2 data model.

Lemma 1 Assume that

(m− 1)S2 | σ2 ∼ σ2χ2
m−1 and σ2 ∼ IG(a, b).

Then, the posterior distribution of σ2 given S2 is

σ2 | S2 ∼ IG

(
a+

m− 1

2
, b+

(m− 1)S2

2

)
. (2.5)

Lemma 1 implies that, for all x ∈ X , the posterior distribution of σ2
x at time t can be

denoted by IG(a
(t+1)
x , b

(t+1)
x ), where

a(t+1)
x = a(t)x +

m− 1

2
, b(t+1)

x = b(t)x +
(m− 1)S2

x(t+1)

2
if x = x(t+1) (2.6a)

a(t+1)
x = a(t)x , b(t+1)

x = b(t)x if x ̸= x(t+1). (2.6b)
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Note that σ2
x ∼ IG

(
a
(t+1)
x , b

(t+1)
x

)
is also the prior distribution at time t + 1. In summary, the

posterior distributions of σ2
x can be efficiently updated through only updating two parameters a

(t)
x

and b
(t)
x whenever a new observation S2

x(t+1) is available. Consequently, (2.4) becomes

x∗(t) ∈ argminx∈X

{
b
(t+1)
x

a
(t+1)
x − 1

}
, (2.7)

where
b(t+1)
x

a
(t+1)
x −1

is simply the expected value of the posterior distribution of σ2
x at time t. Based on

this efficient Bayesian learning model, Section 2.4 will develop acquisition functions for selecting the

most promising experimental setting to sample at each step.

Remark 1 In this framework, each sample S2 is a noisy observation of the unknown population

variance σ2, and is computed using the length measurements of the crystals in Figure 2.1. Denote

by Y1, . . . , Ym the lengths of m crystals and assume that they are i.i.d. samples under a normal-

inverse-gamma prior model (e.g., Koch 2007):

Yi|µ, σ2 i.i.d.∼ N (µ, σ2) for i = 1, . . . ,m,

µ|σ2 ∼ N (θ, σ2/τ) and σ2 ∼ IG(a, b).

Then, the posterior marginal distribution of σ2 will also be an inverse gamma distribution with

parameters updated by

a← a+
m− 1

2
and b← b+

∑m
i=1(Yi − Ȳ )2

2
with Ȳ =

1

m

m∑
i=1

Yi.

Therefore, the above Bayesian model is equivalent to our model in (2.5)-(2.6) if the variance measure-

ment S2 is computed as the sample variance of Y1, . . . , Ym. Also, under the normality assumption

of Yi’s, the χ2 distribution assumption in Lemma 1 holds automatically.

2.4 Acquisition Functions for Minimizing the Variance

In this section, we propose two acquisition functions for sequentially choosing an experi-

mental setting to sample at each step based on the Bayesian update scheme in Section 2.3.
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2.4.1 Knowledge Gradient

We first develop a knowledge-gradient-based (Frazier et al., 2008) acquisition function based

on our Bayesian model. Recall that our aim is to solve problem (2.1). In each step, we obtain a data-

driven solution from (2.7) by minimizing the posterior expectation of σ2
x. Therefore, the improvement

we achieve from step t to step t+ 1 by solving the target problem is

minx∈X

{
b
(t)
x

a
(t)
x − 1

}
−minx∈X

{
b
(t+1)
x

a
(t+1)
x − 1

}
. (2.8)

According to the Bayesian updating equations in (2.6), at the (t + 1)-st step, b
(t+1)
x is a random

variable depending on the incoming data S2
x(t+1) . Thus, this improvement can be assessed by taking

expectations with respect to the marginal distribution of S2
x(t+1) , i.e., the distribution of S2

x(t+1)

without conditioning on σ2
x, i.e.,

KG(t+1)(x) = minx′∈X

{
b
(t)
x′

a
(t)
x′ − 1

}
− E(t+1)

{
minx′∈X

{
b
(t+1)
x′

a
(t+1)
x′ − 1

}∣∣∣∣∣x(t+1) = x

}
, (2.9)

where E(t+1) denotes the expectation taken with respect to the marginal distribution of S2
x(t+1) at

step t+1. Then, we will sample the experimental setting that maximizes the expected improvement,

i.e.,

x(t+1) ∈ argmaxx∈XKG(t+1)(x).

Therefore, a closed-form expression of KG(t+1)(x) is necessary for determining x(t+1) conveniently.

Now we show how to derive a closed-form expression for the selection criterion in (2.9)

following the idea in Frazier et al. (2008). According to the updating equations in (2.6), given that

x(t+1) = x, we have

minx′∈X

{
b
(t+1)
x′

a
(t+1)
x′ − 1

}
=


b(t+1)
x

a
(t+1)
x −1

if
b(t+1)
x

a
(t+1)
x −1

< minx′ ̸=x

{
b
(t)

x′

a
(t)

x′ −1

}
minx′ ̸=x

{
b
(t)

x′

a
(t)

x′ −1

}
o.w.

. (2.10)

Then, we compute the expectation in (2.9) based on the truncated expectation of the marginal

distribution of S2
x(t+1) . First, we prove the following results regarding the marginal distribution of

S2
x(t+1) and its truncated expectation.
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Lemma 2 Suppose the assumptions in Lemma 1 hold. Then, the marginal distribution of S2 follows

a modified Beta Prime distribution, i.e.,

m− 1

2b
S2 ∼ BetaPrime

(
m− 1

2
, a

)
.

The probability density function (PDF) of BetaPrime(α, β) is

f(z) =
zα−1(1 + z)−α−β

B(α, β)
for z > 0, α > 0 and β > 0,

where B(α, β) is the beta function.

Proposition 1 Assume that

Z ∼ BetaPrime(α, β),

and denote its cumulative distribution function (CDF) by Fα,β(z). Then, for any fixed constant c,

we have that

E[Z | Z ≤ c] =
α+ 1

β
· Fα+1,β−1(c)

Fα,β(c)
. (2.11)

Based on the updating equations and the truncated expectation in Proposition 1, we can

derive a closed-form expression for (2.9) in Proposition 2, which allows us to efficiently compute KG

for each experimental setting and choose the experimental setting that maximizes KG in each step.

Proposition 2 Suppose the model assumptions in (2.2) and (2.3) hold. Then, the knowledge gra-

dient defined in (2.9) can be expressed as

KG(t+1)(x) = minx′∈X

{
b
(t)
x′

a
(t)
x′ − 1

}
− C(t)

x

[
1− Fm−1

2 ,a
(t)
x

(
C̃(t)

x

)]
− b

(t)
x

a
(t)
x + m−1

2 − 1

{
m+ 1

2a
(t)
x

· Fm+1
2 ,a

(t)
x −1

(
C̃(t)

x

)
+ Fm−1

2 ,a
(t)
x

(
C̃(t)

x

)}
,

(2.12)

where

C(t)
x = minx′ ̸=x

{
b
(t)
x′

a
(t)
x′ − 1

}
and C̃(t)

x =

(
a
(t)
x + m−1

2 − 1
)
C

(t)
x

b
(t)
x

− 1.

Remark 2 In our problem, the value of KG can actually be non-positive. For example, if C̃
(t)
x ≤ 0,
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then both Fm−1
2 ,a

(t)
x

and Fm+1
2 ,a

(t)
x −1

will be zero, which leads to

KG(t+1)(x) = minx′∈X

{
b
(t)
x′

a
(t)
x′ − 1

}
−minx′ ̸=x

{
b
(t)
x′

a
(t)
x′ − 1

}
≤ 0.

Essentially, the occurrence of a non-positive KG is due to the non-negative support of the chi-

squared distribution, because the probability that a single new sample can further improve (decrease)

the current best (smallest) posterior mean can get close to 0 if the current best posterior mean itself

is close to 0. For example, suppose the current best alternative x∗(t) is unique. From the definition

of KG in (2.9), whether there will be a negative KG for x∗(t) depends on how likely a new sample

of x∗(t) will exceed its current posterior mean, i.e.,
b
(t)

x∗(t)

a
(t)

x∗(t)
−1

. Due to the non-negative support of the

chi-squared distribution, if
b
(t)

x∗(t)

a
(t)

x∗(t)
−1

is small and close to 0, then the probability for a new sample

of x∗(t) to exceed
b
(t)

x∗(t)

a
(t)

x∗(t)
−1

will be quite large and get close to 1. In this case, from (2.10), the

probability that minx′∈X

{
b
(t+1)

x′

a
(t+1)

x′ −1

}
is larger than

b
(t)

x∗(t)

a
(t)

x∗(t)
−1

will also be close to 1. Consequently,

this will make the second term on the RHS of (2.9) larger than
b
(t)

x∗(t)

a
(t)

x∗(t)
−1

, which is exactly the first

term on the RHS of (2.9). Then, the KG value of x∗(t) will be negative. A negative KG in this

situation means that no positive improvement may be expected by sampling x, then simply taking

x(t+1) ∈ argmaxx∈XKG(t+1)(x) may potentially make the sequential selection procedure fail to sample

all alternatives infinitely often as t→∞ (equivalent to N →∞), which is necessary for guaranteeing

PCS → 1. Therefore, we make a modification to KG(t+1)(x) in (2.12) to solve this issue: (1) if

C̃
(t)
x ≤ 0 for some but not all x, then such x will not be selected as x(t+1); and (2) if C̃

(t)
x ≤ 0 for all

x ∈ X , we will randomly select one alternative from X as x(t+1).

2.4.2 Weighted Expected Improvement

The drawback of the knowledge gradient criterion is that its value is not guaranteed to be

non-negative. Thus, we provide an alternative acquisition function that is always non-negative and

guarantees to sample all alternatives infinitely often. We design this acquisition function based on the

Expected Improvement (EI) criterion from Jones et al. (1998). First, the non-negative improvement
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that can be obtained by sampling x at time t is given by

max

{
min
x∈X

(
b
(t)
x

a
(t)
x − 1

)
− S2

x, 0

}
.

In other words, we will only factor in the improvement from a new sample when it is positive;

otherwise, we will just consider it zero. Taking expectations with respect to the marginal distribution

of S2
x, the EI criterion is given by

EI(t+1)(x) = E

[
max

{
min
x∈X

(
b
(t)
x

a
(t)
x − 1

)
− S2

x, 0

}]
. (2.13)

Based on Lemma 2 and Proposition 1, we can also obtain a closed-form expression of EI(t+1)(x).

Proposition 3 Suppose the model assumptions in (2.2) and (2.3) hold. Then, the expected im-

provement defined in (2.13) can be expressed as

EI(t+1)(x) = min
x∈X

{
b
(t)
x

a
(t)
x − 1

}
Fm−1

2 ,a
(t)
x

(
m− 1

2b
(t)
x

min
x∈X

{
b
(t)
x

a
(t)
x − 1

})

− (m+ 1)b
(t)
x

(m− 1)a
(t)
x

Fm+1
2 ,a

(t)
x −1

(
m− 1

2b
(t)
x

min
x∈X

{
b
(t)
x

a
(t)
x − 1

})
,

where Fm−1
2 ,a is the CDF of the Beta Prime distribution with parameters m−1

2 and a.

Although the above EI criterion can properly measure the non-negative improvement from

a sample, it does not account for the variance of the collected samples. Therefore, following the

framework in Gramacy (2020), we scale (2.13) by the posterior variance of σ2
x at time t and call the

resulting criterion weighted Expected Improvement (wEI):

wEI(t+1)(x) = Var
[
σ2
x|S2

x(j+1) , j ∈ Ax(t)
]
· EI(t+1)(x), (2.14)

where Var
[
σ2
x|S2

x(j+1) , j ∈ Ax(t)
]

=
(
b
(t)
x

)2 (
a
(t)
x − 1

)−2 (
a
(t)
x − 2

)−1

due to the inverse gamma

posterior. Then, we will sample the experimental setting that maximizes (2.14), i.e.,x(t+1) ∈

argmaxx∈XwEI(t+1)(x).
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2.5 Numerical Study

We conduct several numerical experiments to compare the empirical performance of our

approach with three other sequential selection approaches from the existing literature for minimizing

the variance:

1. Knowledge Gradient with Inverse Gamma Prior (KG-IG): The proposed method in this chap-

ter. The priors are updated using (2.5), and the acquisition function for sequential selection

is given by Proposition 2 in Section 2.4.1.

2. Weighted Expected Improvement with Inverse Gamma Prior (wEI-IG): The proposed method

in this chapter. The acquisition function for sequential selection is given by (2.14) in Section

2.4.2.

3. Knowledge Gradient with Normal Prior (KG-Normal): This method is conducted using the

knowledge gradient for the normal distribution. As described in Frazier et al. (2008), the prior

distribution is assumed to be normal:

log(σ2
x) ∼ N

(
θ(0)x , δ2,(0)x

)
,

and the distribution of new measurements is assumed to be

log
(
(m− 1)S2

x

)
|σ2

x ∼ N
(
log(σ2

x), λ
2
x

)
.

Note that the first order Taylor’s expansion of log(σ2
x) at the mean of σ2

x gives

log(σ2
x) ≈ log

(
b
(0)
x

a
(0)
x − 1

)
+

a
(0)
x − 1

b
(0)
x

(
σ2
x −

b
(0)
x

a
(0)
x − 1

)
.

Thus, the prior parameters are set below as the mean and variance of the first-order Taylor’s

expansion of log(σ2
x):

θ(0)x = log

(
b
(0)
x

a
(0)
x − 1

)
and δ2,(0)x =

1

a
(0)
x − 2

.

Also, λ2
x is set as the variance of the log-transformed random samples from the χ2

m−1 distri-

bution.
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4. Random selection with Inverse Gamma prior (Rand-IG): We use the proposed Bayesian update

under the inverse gamma prior described in (2.6). The selection of experimental settings in

each step is random. To ensure a balanced design, we replicate each experimental setting N/K

times and randomize the order of the N experiments.

5. Thompson Sampling (Russo et al., 2018) with Inverse Gamma prior (TS-IG): We use the

proposed Bayesian update under the inverse gamma prior as described in (2.6). In each step,

we generate one random sample from each inverse gamma prior in (2.2), i.e.,

σ2,(t)
x ∼ IG(a(t)x , b(t)x ), for all x ∈ X ,

and choose the experimental setting that minimizes these random samples to sample next, i.e.,

x(t+1) ∈ argminx∈Xσ
2,(t)
x .

The true variances σ2
x’s are generated as independent uniform variables from (0, 2). We

run the sequential selection procedure for N = 60 steps and compare the performances of these

approaches for different values of m and K. For each sequential selection method, we repeatedly use

its acquisition approach to determine x(t+1), generate a new sample from the distribution σ2
xχ

2
m−1

and update the posterior distribution, until the budget of N experiments is exhausted. We run R

macro-replications with true variances regenerated in every replication. For clarity, let x∗
i (t) denote

the estimate x∗(t) at time t in the i-th replication, and define Ii(t) as a binary indicator that is equal

to 1 if x∗
i (t) = x∗ and 0 otherwise. The performances of different approaches are evaluated in terms

of the average opportunity cost Ĉ(t) and the estimated probability of correct selection P̂ (t) over R

macro-replications, where

P̂ (t) =
1

R

R∑
i=1

Ii(t) and Ĉ(t) =
1

R

R∑
i=1

(
σ2
x∗
i (t)
− σ2

x∗

)
. (2.15)

Note that Ĉ(t) is always non-negative. Intuitively, P̂ (t) measures how likely x∗
i (t) successfully

identifies x∗ and Ĉ(t) measures how close the variance of x∗
i (t) is to that of x∗.

We compare four prior settings: (1) a
(0)
x = 2.1 and b

(0)
x ’s are i.i.d. random variables generated

from U(0.5, 1); (2) a
(0)
x = 2.1 and b

(0)
x ’s are i.i.d. random variables generated uniformly from (2.5, 5);

(3) a
(0)
x = 2.1 and b

(0)
x ’s are i.i.d. random variables generated uniformly from (0.25, 0.5); (4) a

(0)
x = m

and b
(0)
x = σ2

xGx, where Gx’s are i.i.d. random variables generated from the distribution χ2
m−1.
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Priors (1)-(3) are non-informative prior, whereas prior (4) carries the information from a single

sample for each alternative.

In Figures 2.2-2.5, we show P̂ (t) (left) and Ĉ(t) (right) for t = 1, . . . , 60 over R macro-

replications for the four prior settings. We use R = 100 for prior settings (1)-(3) and R = 1000 for

prior setting (4), since prior setting (4) has higher noise level and thus more replications are needed

to make the estimates P̂ (t) and Ĉ(t) converge. Also, to exhibit Ĉ(t) clearly, we depict its 4th root

(Ĉ(t))1/4 instead of its original value. Several immediate observations follow. First, the proposed

methods, KG-IG and wEI-IG, have the best overall performance. Specifically, both methods have

the most robust performance across different prior settings. Second, KG-Normal performs slightly

better than TS-IG, and both of them have inferior performance in contrast to Rand-IG under prior

settings (1) and (2). Third, cases with K = 30 are more challenging, and the performance of different

approaches can be better distinguished. Lastly, among the three non-informative priors, the best

overall performance for all methods is observed in prior setting (3), while KG-IG, TS-IG, KG-normal

and wEI-IG perform similarly well under the informative prior setting (4).
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Figure 2.2: Prior Setting (1): P̂ (t) and Ĉ(t) of the five methods with different m and K.
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Figure 2.3: Prior Setting (2): P̂ (t) and Ĉ(t) of the five methods with different m and K.
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Figure 2.4: Prior Setting (3): P̂ (t) and Ĉ(t) of the five methods with different m and K.
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Figure 2.5: Prior Setting (4): P̂ (t) and Ĉ(t) of the five methods with different m and K.

2.6 Case Study

We consider a case study about the crystallization experiment described in Section 2.1. The

experimental settings are given in Table 2.1. The total number of unique experimental settings is

21, and each time one trial under a selected experimental setting is conducted. The total number of

level combinations of the two discrete factors Temp and Conc is six due to experimental constraints

and limitations. In each trial, we obtain an image of needle-like crystals (usually 30-100 crystals

in each image, as shown in Figure 2.1), measure the sizes of the crystals and compute the sample

variance as the uniformity score.
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Table 2.1: Experimental Settings of Crystallization

Experimental Setting Explanation Levels or Ranges

Temp. (C) Temperature 20, 30, 40, 50

Conc. (M) Concentration in molarity 0.025, 0.03, 0.035

R.T. (min) Resident time for crystallization 8-40

G.F. (ml/min) Gas Flow Rate 1.5-15

As shown in Section 2.5, a large number of macro-replications, i.e., R in (2.15), is typically

required to make valid assessments across different methods. However, it is infeasible to replicate

the whole experiment under different settings sufficiently in real-world experiments. Therefore,

we build two different types of pseudo-simulators based on a real dataset to mimic the real-world

experiments. The simulators are used to sequentially generate new measurements of uniformity or

variance based on a selected experimental setting. For both simulators, we assume m is a constant

in all experiments. In practice, a fixed value of m such as in (2.9) can be approximated beforehand

using the average number of crystals when computing the acquisition function and deciding the new

experimental setting, and once the observations are collected, the actual value of m can be used in

parameter update (2.6). We develop two simulators in this chapter. Simulator I is based on the

predictions from the fitted Gaussian process of the real data. This simulator can simulate pseudo

experiments for settings that are not available in real data. The use of Gaussian process may smooth

the original distribution of real data. Simulator II is based on resampling of real observations. Then

this simulator can only generate pseudo experiments for the alternatives that are available in the

real data. More details about the two simulators are given as follows.

Simulator I: This simulator is developed by fitting a Gaussian process (Roustant et al., 2015) to

the real dataset. First, we scale the range of experimental conditions (Temperature, Concentration,

R.T., and G.F.) to be between 0 and 1. Second, we fit a Gaussian process (GP) model with the

scaled experimental conditions as the input and the logarithm of the uniformity measure (sample

variance divided by the square of sample mean) of the experiments as the output. We specify

the experimental settings of the K (taking value from {6, 12, 30} for three cases) candidates as

follows: we first generate a K× 2 Latin Hypercube design as the values for R.T. and G.F., and then

replicate the six-level combinations of temperature and concentration for K/6 times. The resulting
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K experimental settings are given by a K × 4 matrix. We use the fitted GP simulator to predict

the output σ2
x of the candidate settings and generate a new sample by σ2

xχ
2
m−1 in each step as a

simulated random uniformity measure.

Simulator II: This simulator is developed by resampling the crystals obtained from each experi-

ment. We fix K = 21 or 10 (a subset of the 21 original experimental settings) as the experimental

alternatives. If one experimental setting is selected, we will randomly sample m crystals with re-

placement (e.g., sample m = 30 crystals from Figure 2.1), and use the sample variance of the lengths

of these m crystals as the uniformity measure of this experiment.

We run R = 100 macro-replications as in Section 2.5 to obtain Ĉ(t) and P̂ (t) according to

(2.15). We set non-informative initial priors with a
(0)
x = 2.1 and b

(0)
x generated independently from

Q × U(0.5, 1), where Q = 0.2 and 20 for simulators I and II respectively and U(0.5, 1) represents

the uniform distribution on (0.5, 1). The value of Q is specified based on the scale of the uniformity

measures from the two simulators. Using different m and K as in Section 2.5, Figure 2.6 and 2.7

exhibit P̂ (t) and Ĉ(t) for all five methods with simulators I and II, respectively. We give an example

of the resulting design given by the proposed method in Appendix A.6. The results show that KG-IG

and wEI-IG are the most robust among the five methods in both situations.
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Figure 2.6: Case Study with Simulator I: P̂ (t) and Ĉ(t) of the five methods with different m and K.
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Figure 2.7: Case Study with Simulator II: P̂ (t) and Ĉ(t) of the five methods with different K.
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2.7 Conclusion

This chapter has developed a new methodology for selecting experimental settings to mini-

mize the variance. Though improving the uniformity (minimizing the variability) is of great interest

in many situations such as crystallization experiments, it has been relatively overlooked in the

existing R&S literature. Our approach has constructed an efficient Bayesian sequential updating

framework for learning the variances under the conjugate inverse gamma prior. Furthermore, we

have proposed two sequential selection procedures based on knowledge gradient as well as expected

improvement for selecting the experimental settings, and have derived closed-form expressions for

both proposed selection criteria. Through numerical experiments and case studies, we demonstrate

that the proposed approach is able to identify the experimental setting with the minimum variance

and exhibits competitive empirical performance compared with other approaches.

There are several promising future directions. First, our framework may be extended to

solve multiobjective optimization, especially under nonnormal sampling distributions that may arise

in applications such as crystallization, reaction engineering and materials engineering. Further-

more, R&S under nonnormal sampling distributions is a positive research area, and our approach

specifically provides a new idea for designing efficient budget allocation strategies under chi-squared

sampling distributions, which we believe can inspire many future works in this area.
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Chapter 3

Bayesian Optimization with

Transformed Additive Gaussian

Processes

3.1 Introduction

Tradespace decomposition can introduce many complex and interesting optimization prob-

lems. The objective functions of these optimization problems are often blackbox functions. A black

box function is a function without a known closed form expression; where the relationship between

the response and the decision space is unknown Jones et al. (1998). Black box functions can be

complex and difficult to solve (Alarie et al., 2021). Some black-box functions may not have a closed

form solution and approximation techniques may be required in order to approximate a solution (Vu

et al., 2017). One way that these problems are simplified is through the use of Bayesian optimization

(Wang et al., 2023). Bayesian optimization has two main components: the surrogate model and the

acquisition function. The surrogate model is used to model the data. Gaussian processes (GP) are

commonly used as surrogate models. The acquisition function is optimized to determine the next

location to sample a point from. A commonly used acquisition function is expected improvement.

One important and useful property of Bayesian optimization is that it is derivative free. This means

that in order to optimize the acquisition function (optimizing function), we do not need to use a
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higher order approximation method (Frazier, 2018; Shahriari et al., 2016). This decreases the time

and computational complexity of the optimization problem. Another useful property of this method

of optimization is that it can handle noisy data (Brochu et al., 2010). Bayesian optimization works

quite well for these functions, however it begins to struggle when the dimensionality is increased.

Although the method is derivative free, the complexity and computation expense and time is greatly

increased in higher dimensional problems (Malu et al., 2021). Methods to lower the dimensionality of

an objective function to simplify Bayesian optimization have been proposed. These methods include

using non-linear feature mapping and reconstruction mapping to lower the dimensionality (Moriconi

et al., 2020), using variable dropout methods (Li et al., 2018), and ensemble Bayesian optimization

(Wang et al., 2018).

A Gaussian process is a distribution of collection of random variables such that any finite

subset of the collection follow a multivariate normal distribution (Schulz et al., 2018). Gaussian

Processes are often used because they include noise and randomness in the model. They utilize a

correlation function to determine the strength of the correlation between two points (Jäkel et al.,

2007). A commonly used correlation function, called the Gaussian correlation function produces

smooth local trends (MacKay et al., 1998). The process of Bayesian optimization can be used

to optimize objective functions that are modeled by Gaussian Processes. Using this method, the

prior distribution that is placed on the function y, will be a Gaussian Process. Gaussian Processes

are very useful models in optimization because they can account for noise and randomness (Zhang

and Notz, 2015). Using Gaussian processes for optimization can be very useful because they allow

for uncertainty quantification (McLeod et al., 2018). When working with Gaussian processes, we

are able to write the conditional distributions to be written in a closed form (Snoek et al., 2012).

This property is particularly useful because the joint distributions are multivariate normal an the

conditional distributions are also Gaussian processes.

Acquisition functions can be complex or computationally inexpensive. When using Bayesian

optimization, there are many different acquisition functions that can be used in order to decrease

complexity and minimize computation (Wilson et al., 2018a). A commonly used acquisition func-

tion in Bayesian optimization is expected improvement. We define expected improvement as in

Jones et al. (1998). This acquisition function measures the expected improvement over the current

minimum when a new point is added.

In this chapter, we propose an approach to optimizing complex black-box functions with
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an additive structure. This is done by using the Transformed Additive Gaussian process (TAG)

framework proposed in (Lin and Joseph, 2020) as the surrogate model. We will then propose a

modification to the expected improvement acquisition function to be able to accomodate the TAG

framework as the surrogate model.

This chapter will be organized as follows. Section 3.2 will describe the Bayesian optimiza-

tion framework that will be used and adapted. Section 3.3 will describe the proposed framework

using transformed additive Gaussian processes with the expected improvement acquisition function.

Section 3.4 will use a numerical study to compare the proposed method to the classical Bayesian

optimization framework. A conclusion and statement of future work will be given in Section 3.5.

3.2 Bayesian Optimization

Bayesian optimization is comprised of two components, the surrogate model to represent

the data and the acquisition function which is optimized to determine where to sample next. In

this section, we will discuss the components of traditional Bayesian optimization with a Gaussian

process surrogate model and Expected Improvement acquisition function. The minimization problem

is defined as:

min y(x) (3.1)

s.t. x ∈ X

where X ⊂ Rd is the feasible set. The image of the feasible set, Y := {y(x) ∈ R : x ∈ X}, is referred

to as the outcome set (Boyd and Vandenberghe, 2004). The generic Bayesian algorithm is shown in

Algorithm 3. A prior distribution for the data is given in step 1. Then, the acquisition function is

used in step 2 to find the location to sample next. In step 3, the point is collected and the surrogate

model is updated.

3.2.1 Gaussian Process

When implementing Bayesian optimization, the surrogate model is used to represent the

data, which could be obtained from a blackbox function. Gaussian processes are one of the most
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Algorithm 3 Generic Bayesian Optimization Algorithm

1: Provide a prior distribution of y(x)
2: for n = 0, 1, . . . , N − 1 do
3: Compute acquisition function based on the distribution of y(x) and find xn+1 that maximizes

the acquisition over x ∈ X
4: Collect a new data point by evaluating y(x) at xn+1 and update the distribution of y(x) as

the posterior distribution of y(x) given all existing data.
5: end for

Return the input point with the smallest posterior mean as the optimal decision.

used surrogate models Sacks et al. (1989). Let

Z(x) ∼ GP(0, σ2R(·)),

be a mean zero Gaussian process with variance σ2 and correlation function R(·). Next, let Y (x) be

a stochastic process and y(x), be a realization of that stochastic process, then:

Y (x) = µ+ Z(x), (3.2)

where µ is the unknown deterministic mean value. The Gaussian correlation function (Sacks et al.,

1989) is a very popular choice when working with Gaussian processes. The correlation between two

inputs points x and x′ is given by

R (x− x′) = exp

(
−

d∑
i=1

θi(xi − x′
i)

2

)
, (3.3)

where θi’s are the unknown correlation parameters. The unknown correlation parameter represents

the correlation between each dimension of x. When a Gaussian process is fit to data, these param-

eters need to be estimated. Under Gaussian processes assumptions with the Gaussian correlation

function, given two input points x,x′ ∈ X , the model can be represented as

Y (x) ∼ N(µ, σ2) and Cov(Y (x), Y (x′)) = σ2R(x− x′).

Following these functions, if they are evaluated at n input points x1, . . . ,xn, the outputs y =

(y(x1) . . . , y(xn))
⊤ are produced. Another useful aspect of Gaussian processes, is that at a new

input point x, the conditional distribution of Y (x) given yn follows the normal distribution (Jones
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et al., 1998). This distribution is given by:

Y (x) |y ∼ N(ŷ(x), s2(x)), (3.4)

with mean:

ŷ(x) = µ̂− rn(x)R
−1
n (yn − 1µ̂) (3.5)

and variance:

s2(x) = σ2
(
1− rn(x)

TR−1
n rn(x)

)
− (1− 1⊤R−1

n rn(x))
2

1⊤Rn1
, (3.6)

where 1 is a vector of ones of size n, the mean is estimated by the unbiased estimator

µ̂ = 1⊤Rnyn

1⊤Rn1
, r(x) = (R(x−x1), . . . , R(x−xn))

⊤, and R be the n× n correlation matrix with the

(i, j)-th element R(xi − xj).

3.2.2 Expected Improvement

Acquisition functions can be complex or computationally inexpensive (Wilson et al., 2018b).

When using Bayesian optimization, there are many different acquisition functions that can be used

in order to decrease complexity and minimize computation (Wilson et al., 2018a). One of the

most commonly used acquisition functions that can be used in Bayesian optimization, is expected

improvement. We define expected improvement as in (Jones et al., 1998)

EI (x) = E
[
max

(
ymin − ŷ(x), 0

)]
, (3.7)

where ymin is the current minimum and ŷ(x) and ŝ(x) are the values generated at the current

iteration. Then when using Gaussian processes, and taking the expectation with respect to the

conditional distribution in (3.4), expected improvement can be rewritten in the closed form as

EI (x) =
(
ymin − ŷ(x)

)
Φ

(
ymin − ŷ(x)

ŝ(x)

)
+ ŝ(x)ϕ

(
ymin − ŷ(x)

ŝ(x)

)
, (3.8)

where Φ(·) is the cumulative probability distribution of the normal distribution and ϕ(·) is the

probability density function of the normal distribution.
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3.3 Proposed Method

In this section, we propose an adaptation to the Bayesian Optimization algorithm using

Transformed Additive Gaussian Processes as the surrogate model and a modified expected improve-

ment acquisition function. The data will be modeled using the transformed additive Gaussian process

framework, it will be broken down into one-dimensional pieces. These pieces will then be optimized

using a modification of the expected improvement acquisition function given in 3.7.

3.3.1 Surrogate Modeling with Transformed Additive Gaussian Processes

The goal of Transformed Additive Gaussian processes (TAG) is to take a high dimensional

response and use a transformation function to make the response the addition of lower or single

dimensional functions Lin and Joseph (2020). Assume that y(x) is a realization of a transformed

additive Gaussian process that is used as a surrogate model to the optimization problem in 3.2.

Then the optimization problem can be written as

y = g−1
λ (µ+ z1(x1) + . . .+ zd(xd)) ,

where λ is the transformation parameter of the Box-Cox transformation Box and Cox (1964), which

is given by :

gλ(y) =


yλ−1

λ λ ̸= 0

log y λ = 0

(3.9)

Then, the TAG model can be written as:

gλ(y) = µ+ z (x) + ϵ (x) , (3.10)

where z(x) follows a GP with a mean of 0 and covariance τ2R(·), that is to say: z (x) ∼ GP
(
0, τ2R(·)

)
.

Then, zk (xk) ∼ GP
(
0, τ2kRk(·)

)
is the prior distribution placed on all zk(·). Let the correlation be-

tween gλ(y(x)) and gλ(y(x
′)) be

R(x− x′) =

p∑
k=1

ωkRk (xk − x′
k) ,
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where τ2 =
∑d

k=1 τ
2
k and ωk = τ2k τ

2. The Gaussian correlation function in 3.3, could be used as the

correlation function in this model. Assume that the additive noise ϵ(x) ∼ N(0, σ2) for this model

is independent from the distributions of the zk(xk)
′s. The unknown parameters, λ, τ , ω, and σ

are estimated through empirical Bayes estimation and non-linear optimization as noted in Lin and

Joseph (2020).

3.3.2 Conditional Distribution of Transformed Additive Gaussian Pro-

cesses

In order to optimize each objective function, the conditional distribution of each dimension

given the data, zk(xk)|y, can be optimized individually and then combined together to generate a

new point. The conditional distribution of each zk(xk) given the data is needed to calculate the

expected improvement for each of the p one-dimensional additive pieces.

Proposition 4 Assume that data has been collected from the evaluated objective functions, which

can be written as (x1, y1), . . . , (xn, yn). Let rk(xk) be the vector of correlations: (R(xk−x1k), . . . R(xk−

xnk)) and R be the correlation matrix with the ijth element being Rk(xi−xj). Then under the TAG

framework (Lin and Joseph, 2020),

gλ (y(x)− µ1)

zk(xk)

 ∼ Nn+1


0

0

,
τ2R+ σ2I τ2krk(xk)

τ2krk(xk)
T τ2k


 (3.11)

for k = 1, . . . , p, where 1 is the vector containing all 1’s. Then, the conditional distribution of zk(xk)

given y can be obtained through the conditional distribution for the normal distribution from Eaton

(2007). The conditional distribution is given by

zk(xk)|y ∼ N
(
ẑk(xk), s

2
k(xk)

)
(3.12)

with

ẑk(xk) = ωkrk(xk)
⊤ (R+ δI)

−1
(gλ(y)− µ)

and

s2k(xk) = τ2ωk

(
1− rk(xk)

⊤ (R+ δI)
−1

ωkrk(xk)
)
,

where δ = σ2/τ2.
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3.3.3 Additive Expected Improvement

Now that we have the conditional distributions of each dimension of the surrogate model,

we need an acquisition function with which we can optimize the objective function and generate

new points. Our proposed method uses transformed additive Gaussian processes to decompose

the objective function into one-dimensional pieces and then use a modified expected improvement

acquisition function to optimize each dimension separately. The expected improvement acquisition

function as described in 3.2.2 will be utilized in each dimension. Now, using the TAG model, the

objective function can be rewritten as

gλ (y(x)) ≈ µ+

d∑
k=1

zk (xk) . (3.13)

The optimization problem in (3.1) can be simplified to

min
xk∈Xk

zk(xk) for k = 1, . . . , d, (3.14)

where X = X1 × . . . × Xd. Then, the modified expected improvement acquisition function for the

optimization problem in (3.14) can be defined as

EIk (xk) = E
[
max

(
ymin
k − ŷ(xk), 0

)]
(3.15)

=
(
ymin
k − ŷ(xk)

)
Φ

(
ymin
k − ŷ(xk)

sk(xk)

)
+ sk(xk)ϕ

(
ymin
k − ŷ(xk)

sk(xk)

)
. (3.16)

To generate a new point, EIk (xk) is optimized for each dimension the objective function. A new

design point xnew = (x∗
1, . . . , x

∗
d) is selected by optimizing

x∗
k = maxx∈Xk

EIk (xk) for i = 1, . . . , d.

In the next section of this chapter, we propose an algorithm to implement the TAG surrogate model

and the proposed additive EI acquisition function.
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3.3.4 The Proposed Algorithm

For the proposed method, the surrogate model is a TAG model from (3.13) evaluated using

the TAG R package (Lin and Joseph, 2021). For each iteration of the algorithm, a new set of

candidate points will be generated using a Latin Hypercube design in the lhs R package (Carnell,

2022) and a TAG model will be fit to the data, Xm. The mean and variance for each zk(xk) will be

calculated using the conditional distribution of each zk. These values will then be used to calculate

the expected improvement for each dimension of the input space for each candidate point. The value

that maximizes expected improvement for each dimension of the input space x∗
k will be combined

to generate the new data point: x(m+1) = (x∗
1, . . . , x

∗
d). The new data point will be added to the

existing dataset and the process will continue until the budget is exhausted.

This process is summarized in Algorithm 3.3.4. The surrogate model is fit in step 3 and the

acquisition function is optimized in step 6. The data is updates in step 10. When implementing the

algorithm, it was seen that it is not necessary to regenerate the TAG models in every iteration of

the algorithm. This can be computationally expensive. In our numerical study, we will regenerate

the TAG models after every 10 iterations of the algorithm. This will be done to save computational

cost and time.

Algorithm 4 Additive Bayesian Optimization with TAG

1: Given the data Xn, we:

2: for m = n, n+ 1, . . . , N do

3: Fit the TAG model based on X and find zk(xk) for k = 1, . . . , d

4: Generate a q × d matrix X as a random Latin Hypercube design with ij-th entries Xij .

5: for k = 1, . . . , d do

6: Evaluate EI for x̂

7: Select point X∗
k that maximizes EI for x̂

8: end for

9: Set new input point x(m+1) = (X∗
1 , . . . , X

∗
d ) and obtain y(x(m+1))

10: Update Xm → Xm+1

11: end for
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3.4 Numerical Results

In this section, we will compare the proposed method with the classical Bayesian opti-

mization methods described in (Roustant et al., 2012). This method uses Gaussian process based

optimization using the approach described in (Jones et al., 1998) and (Mockus, 2005), we will call

this the “EGO” approach. In each step of this classical Gaussian process approach a Gaussian

process model is fit to the data using all of the design points generated until that iteration. The

models will be fit using GP kriging models as the surrogate models, evaluated using the DiceKrig-

ing R package (Roustant et al., 2012). Next, a new point is chosen by maximizing the expected

improvement acquisition function. The process will be run using the functions in the DiceOptim R

package (Picheny et al., 2021).

In our simulation, the candidate points in each iteration, for both methods will be generated

using a random Latin hypercube design as described in the lhs R package (Stein, 1987). We run the

procedure for N = 20 steps, varying the number of initial data points in order to compare different

aspects of the method’s performance. For each step, we use expected improvement to select x(t+1).

For each setting we run R = 30 macro replications using the same initial dataset for both methods

in each replication. We update the distributions until our budget N steps is reached.

Let y
(
x
(t)
i

)
be the estimate of y at step t, for replication i and let x∗, be the value that

produces the true minimum value of the objective function. The metric that will be used for

comparison is cost and is defined as

Ĉ(t) =
1

R

R∑
i=1

(y (x∗
i (t))− y (x∗)) . (3.17)

This value will always be non-negative and measures how close to the true minimum the method’s

approach is as the algorithm runs. The confidence intervals will be constructed using the 10th and

90th quantiles of the cost for each iteration. The default range of λ in (3.9) in the TAG package is

−2 to 2, we use this default range. To analyze the performance of the proposed method, we will

vary the number of points in the initial dataset, the dimension of the objective functions, and the

degree to which the objective functions are additive. The objective function that we will use for our

numerical study is
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y(x) = exp
(
Σd

k=1 (xk − a)
2
+ cx1x2

)
. (3.18)

This objective function is easily transformed to be additive using the Box-Cox transformation (3.9),

when c = 0 and λ = 0.

First, we compare the performance of the proposed method when the amount of data points

in the initial dataset varies. The setting of the objective function for this comparison is found in

Table 3.1 and the results are shown in Figure 3.1. It can be seen that our method has an advantage

for the EGO approach for each number of initial points. However, the proposed method has a greater

advantage when there is a smaller number of initial points.
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Figure 3.1: The mean, 10-th, and 90-th quantiles of cost over 30 replications and 20 steps for

optimizing the objective functions in (3.18) with the parameter settings in Table 3.1.

Table 3.1: Table of parameter settings of (3.18) for the three cases in Figure 3.1

(1) (2) (3)

d a c m d a c m d a c m
4 0.3 0 15 4 0.3 0 25 4 0.3 0 40

.

Second, we compare the performance of the proposed method over different dimensions of

the objective function. The setting of the objective function for this comparison is found in Table

3.2 and the results are shown in Figure 3.2. It can be seen that as the dimension of the objective

increases, as does the advantage of the proposed method over the EGO approach.
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Figure 3.2: The mean, 10-th and 90-th quantiles of cost over 30 replications and 20 steps for

optimizing the objective functions in (3.18) with the parameter settings in Table 3.2.

Table 3.2: Table of parameter settings of (3.18) for the three cases in Figure 3.2

(1) (2) (3)

d a c m d a c m d a c m
4 0.3 0 40 8 0.3 0 40 12 0.3 0 40

.

Finally, we compare the performance of the proposed method when the objective function

can not exactly be transformed to be additive, this is done by adding an interaction term to the

objective function. The setting of the objective function for this comparison is found in Table 3.3

and the results are shown in Figure 3.3. It can be seen that as the contribution of the interaction

term increases, the proposed TAG method does not have an advantage over the EGO approach.
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Figure 3.3: The mean, 10-th and 90-th quantiles of cost over 30 replications and 20 steps for

optimizing the objective functions in (3.18) with the parameter settings in Table 3.3.

Table 3.3: Table of parameter settings of (3.18) for the three cases in Figure 3.3

(1) (2) (3)

d a c m d a c m d a c m
4 0.3 0 15 4 0.3 0.5 15 4 0.3 1 15

.

3.5 Conclusion

This chapter has proposed a new adaptation to the Bayesian optimization algorithm. It

utilizes the TAG framework to decompose the objective function into smaller pieces. It also proposes

a modification to the expected improvement acquisition function to optimize these additive pieces.

We have conducted a numerical study to demonstrate the advantages of the proposed method as

compared to the EGO approach. The method has a greater advantage when the amount of initial

data is lower. As the dimension of the decision space increases, so does the advantage of the proposed

method. When there is an interaction in the objective function, that is to say when the objective

function is not transformed to be additive, the proposed method does not have an advantage over the

EGO approach. Future and parallel work include expanding to the bi-objective and multi-objective

cases.
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Chapter 4

Bi-Objective Bayesian

Optimization with Transformed

Additive Gaussian Processes

4.1 Introduction

Simulation is a popular approach used to optimize engineering and scientific design (Lee

et al., 2007; Zhang, 2008; Fliege and Xu, 2011; Hunter and McClosky, 2016; Hunter et al., 2019;

de Castro et al., 2022). For complex engineering design problems, running the corresponding simula-

tion codes is often time-consuming. Also, the input and output relationship of the simulation model

may not be expressed in a closed form to enable gradient-based optimization approaches. Thus,

Bayesian optimization is often used to solve these problems by efficiently guiding new experiments

through running the simulation models (Frazier, 2018). Bayesian optimization approaches contain

two key components: a computationally inexpensive surrogate model of the simulation and an ac-

quisition function to select input points for the follow-up experiments. In terms of surrogate models,

Gaussian process is a common choice (e.g., Jones et al. (1998)). A popular choice of the acquisition

function is the expected improvement (EI, e.g, Qin et al. (2017)), which is the expected absolute dif-

ference between the current optimal objective value and the optimal objective value computed after

adding a new simulation evaluation (i.e., the improvement with respect to the target optimization
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problem). Then the input point for the new evaluation is given as a maximizer of EI over the input

space.

Some engineering design problems involve two or more objectives. For multi-objective prob-

lems, the solution improvement can not be simply defined as for the single objective problems. In

the literature of multi-objective optimization, the quality of the solution given by an optimization

approach can be quantified by a variety of performance indicators, see various concepts given by

(Audet et al., 2021). Among them, the hypervolume indicator is a popular performance indicator

to measure the quality of the solutions to multi-objective optimization problems (Knowles et al.,

2003). Hence, in the literature on multi-objective Bayesian optimization (Hunter et al., 2019), a

popular choice for the acquisition function is the expected hypervolume improvement (EHI), which

is the expected difference between the hypervolume indicators computed after and before adding

a new simulation evaluation (Emmerich et al., 2011). Even though EHI is widely used, there are

some computational challenges to maximizing this acquisition function. When the dimension of

the decision space increases, the optimization of EHI becomes much more complex, requires longer

computing time, and takes more memory space to complete (Hupkens et al., 2015). There are a

number of existing approaches proposed to reduce the complexities of maximizing EHI. Yang et al.

(2019) consider bi-objective Bayesian optimization and provide an algorithm to evaluate the gradient

function of EHI to enhance the optimization of EHI for searching new input points. A truncated

form of the EHI calculation to optimize computing time is also proposed by Yang et al. (2016).

This approach uses prior knowledge about the objective function values to more efficiently compute

EHI. Since the gradient of EHI can be extremely complex and difficult to compute, Daulton et al.

(2020) provide a method for computing EHI by using the gradients of the Monte Carlo estima-

tor via auto-differentiation. This method simplifies the calculation of EHI by using first-order and

quasi-second-order methods.

In this chapter, we provide an algorithm for bi-objective Bayesian optimization to solve the

computational challenges of maximizing EHI. In contrast to perspectives in current literature, we

approximate the objective functions to additive functions for each dimension of the decision space

using the transformed additive Gaussian processes (Lin and Joseph, 2020). Then the maximization

of EHI over the entire decision space becomes the maximization of multiple one-variable EHI func-

tions, i.e., the number of EHI functions is equal to the number of dimensions of the input space.

Maximizing EHI with a single input can be efficiently done by enumerating on a set of discrete
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points. We compare the numerical performance of the proposed approach with the bi-objective

Bayesian optimization under the classical Gaussian process model.

This chapter is organized as follows. Section 4.2 gives a review of related background,

including single-objective Bayesian optimization with Gaussian processes and EI, bi-objective op-

timization and the hypervolume indicator, and bi-objective Bayesian optimization with Gaussian

processes and EHI. Section 4.3 proposes our method, which uses transformed additive Gaussian

process (TAG) models as the surrogate models and derives the EHI expression under this model as-

sumption. Section 4.4 provides a numerical study that demonstrates the advantages of the proposed

method. Section 4.5 concludes the chapter and points out directions for future improvement of the

proposed method.

4.2 Background

In this section, we review related background approaches including bi-objective optimization,

the hypervolume indicator, and bi-objective Bayesian optimization with classical Gaussian processes

and EHI.

4.2.1 Bi-objective Optimization

Let y1(x) and y2(x) be two scalar-valued deterministic black-box functions with input x ∈

Rd. The bi-objective optimization problem is defined by

min y(x) = [y1(x), y2(x)] (4.1)

s.t. x ∈ X

where X ⊂ Rd is a feasible set. Euclidean spaces Rd and R2 are respectively referred to as the

decision space and the objective (outcome) space. Given two input points x,x′ ∈ X , the outcome

y(x) is said to dominate the outcome y(x′), denoted as y(x) ≺ y(x′), if and only if yl(x) ≤ yl(x
′)

for l = 1, 2 and yl(x) < yl(x
′) for l = 1 or l = 2. If yl(x) ≤ yl(x

′) for l = 1, 2, the outcome y(x)

is said to weakly dominate the outcome y(x′), denoted as y(x) ⪯ y(x′). An outcome point is said

to be nondominated if there does not exist another outcome point dominating it. To solve problem

(4.1), we apply the classical concept of Pareto-optimality, that is to identify the set of all input
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points whose images are nondominated outcomes Ehrgott (2005). The Pareto set is defined by

P = {y(x) ∈ R2 : x ∈ X | ∄ x′ ∈ X s.t. y(x′) ≺ y(x)}. (4.2)

Since the Pareto set is typically not available in a closed form even if the objective and

constraint functions are available, various computational approaches and algorithms have been de-

veloped to provide approximation of different types (Ruzika and Wiecek, 2005; Herzel et al., 2021).

Due to the diversity of these methods and the resulting sets being exactly or only approximating

the Pareto set, many ways to measure their quality have been proposed (Faulkenberg and Wiecek,

2010; Audet et al., 2021). One way to measure the quality of the computed Pareto set is the hy-

pervolume indicator (e.g., Knowles et al. (2003); Guerreiro et al. (2021)). Given a reference point

t = (t1, t2) ∈ R2, the hypervolume indicator H(P, t) is the two-dimensional Lebesgue measure Λ of

the region weakly dominated by P and bounded above by the reference point t, i.e.,

H(P, t) = Λ
(
{v ∈ R2 | ∄ p ∈ P : p ⪯ v and v ⪯ r}

)
. (4.3)

The hypervolume improvement (HVI) Hupkens et al. (2015) can be used to assess the effect of

evaluating the vector-valued objective function y(x) at a new input point x ∈ X :

HVI (y(x),P, t) = H (P ∪ {y(x)}, t)−H(P, t) . (4.4)

4.2.2 Bi-objective Bayesian Optimization with EHI

In bi-objective Bayesian optimization, the expected value of the hypervolume improvement

(EHI) in (4.4) is a commonly used acquisition function Emmerich et al. (2011). Given that the two

objectives y1(x) and y2(x) are modeled by two independent Gaussian processes Y1(x) and Y2(x) as

in (3.2), we provide the expression of EHI.

Assume that we evaluated the two objectives at n input points x1, . . . ,xn, and collected

the outputs yn,1 = (y1(x1) . . . , y1(xn))
⊤ and yn,2 = (y2(x1) . . . , y2(xn))

⊤. Following (3.4), we have

Y1(x)|yn,1 ∼ N(ŷ1(x), ŝ
2
1(x)) and Y2(x)|yn,2 ∼ N(ŷ2(x), ŝ

2
2(x)), (4.5)

where ŷl(x) and ŝ2l (x) for l = 1, 2 are the conditional means and variances, which can be calculated
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using (3.5) and (3.6). Under the assumption that Y1(x) and Y2(x) are independent, Y1(x)|yn,1 and

Y2(x)|yn,2 are also independent. Note that the two Gaussian processes Y1(x) and Y2(x) can have

different parameters and correlation functions. Given a reference point t, EHI is defined by

EHIn (x;P, t) = E {HVI ((Y1(x), Y2(x)),P, t)} , (4.6)

where HVI is given by (4.4) with the new point (Y1(x), Y2(x)) and the expectation is taken with

respect to the conditional distributions in (4.5). By maximizing EHIn (x;P, t) over x ∈ X , we find an

input point for the new function evaluation. Given an approximation of the Pareto set P by a set of

nondominated points, EHI can be calculated empirically with a closed-form expression Hupkens et al.

(2015). We denote the nondominated points by yj = (yj1, y
j
2) = (y1(xij ), y2(xij )) for j = 1, . . . , p

with {i1, . . . , ip} ⊂ {1, . . . , n}. Without loss of generality, we assume that those nondominated

points are ordered based on the values of the first objective, i.e., y1(xi1) < y1(xi2) < . . . < y1(xip).

Then the approximation of the Pareto set P is denoted by

P(n) =
{
y0,y1, . . . ,yp,yp+1

}
, (4.7)

where y0 = (−∞, t2) and yp+1 = (t1,−∞) with t1 and t2 being the two coordinates of the reference

point t = (t1, t2). Following Emmerich et al. (2011), EHI in (4.6) can be calculated empirically

based on the conditional distributions in (4.5) as

EHIn

(
x;P(n), t

)
= E

{
HVI

(
(Y1(x), Y2(x)),P(n), t

)}
=

p+1∑
j=1

(
yj−1
1 − yj1

)
· Φ

(
yj1 − ŷ1(x)

ŝ1(x)

)
·Ψ
(
yj2, y

j
2, ŷ2(x), ŝ2(x)

)

+

p+1∑
j=1

(
Ψ
(
yj−1
1 , yj−1

1 , ŷ1(x), ŝ1(x)
)
−Ψ

(
yj−1
1 , yj1, ŷ1(x), ŝ1(x)

))
·Ψ
(
yj2, y

j
2, ŷ2(x), ŝ2(x)

)
, (4.8)

where Ψ (a, b, µ, σ) = σϕ
(

b−µ
σ

)
+ (a− µ) Φ

(
b−µ
σ

)
.
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4.3 Proposed Method

We propose a bi-objective Bayesian optimization algorithm using transformed additive

Gaussian processes (TAG) (Lin and Joseph, 2020) as the surrogate model. TAG approximates

each of the two objective functions by additive functions, each additive term associated with one-

dimensional decision variable. Under this model assumption, maximizing the acquisition function

EHI given by (4.6) can be simplified to maximize the EHI’s for each decision variable. In this section,

we introduce using TAG as a surrogate model for bi-objective problems, develop the EHI functions

under the TAG model assumption, and summarize our algorithm implementation.

4.3.1 Bi-objective Surrogate with Transformed Additive Gaussian Pro-

cesses

Transformed additive Gaussian processes aim to simplify a complex response to additive

functions. Consider the bi-objective problem in (4.1). As noted in Section 4.2.2, we assume that

y1(x) and y2(x) are the realizations of two independent transformed additive Gaussian processes

Y1(x) and Y2(x) with x ∈ X ⊂ Rd. Equivalently, following Lin and Joseph (2020), we have

gλl
(Yl(x)) = µl +

d∑
k=1

Zlk (xk) + ϵl, for l = 1, 2. (4.9)

We explain the notation in turn as follows. The function gλl
(·) is the Box-Cox transformation (Box

and Cox, 1964),

gλl
(y) =


yλl−1

λl
λl ̸= 0

log y λl = 0,

, for l = 1, 2, (4.10)

where λl is the parameter of the transformation. The deterministic means of TAG are denoted

by µl’s. For k = 1, . . . , d and l = 1, 2, Zlk(xk)’s are mutually independent mean-zero Gaussian

processes with variances τ2lk’s, and correlation functions Rlk(·)’s. The additive noise ϵl ∼ N(0, σ2
l )

is independent of Zlk(xk)’s.

Under this model assumption, the correlation of gλl
(Yl(x)) and gλl

(Yl(x
′)) for x,x′ ∈ X is

Rl(x− x′) =

d∑
k=1

ωlkRlk (xk − x′
k) , (4.11)
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where τ2l =
∑d

k=1 τ
2
lk and ωlk = τ2lk/τ

2
l . An example of the correlation function is given by (3.3),

which is associated with some unknown correlation parameters. In Lin and Joseph (2020), empirical

Bayes estimation and non-linear optimization toolboxes are used to estimate those unknown param-

eters, including τl, ωlk, λl and correlation parameters, which are referred to as hyperparameters of

TAG.

Assume that we collected outputs yn,1 = (y1(x1) . . . , y1(xn))
⊤ and yn,2 = (y2(x1) . . . , y2(xn))

⊤.

For l = 1, 2 and k = 1, . . . , d, we have

gλl
(yn,l)− µl1

Zlk(xk)

 ∼ Nn+1


0n

0

,
τ2l Rl + σ2

l I τ2lkrlk(xk)

τ2lkrlk(xk)
⊤ τ2lk,


 , (4.12)

where 0n is the n × 1 vector of zeros, I is the n × n identify matrix, rlk(xk) = (Rlk(xk −

x1k), . . . , Rlk(xk−xnk))
⊤ and Rl is the n×n correlation matrix with the (i, j)-th element Rl(xi−xj)

given by (4.11). Using the conditional distribution for the normal distribution (e.g., (Eaton, 2007)),

we can derive the conditional distribution of Zlk(xk) given yn,l as

Zlk(xk)|yn,l ∼ N
(
ẑlk(xk), s

2
lk(xk)

)
for l = 1, 2 (4.13)

with

ẑlk(xk) = ωlkrlk(xlk)
⊤ (Rl + δlI)

−1
(gλl

(yn,l)− µl)

and

s2lk(xk) = τ2l ωlk

(
1− rlk(xlk)

⊤ (Rl + δlI)
−1

ωlkrlk(xlk)
)
,

where δl = σ2
l /τ

2
l and µl can be replaced by µ̂l = 1⊤ (Rl + δlI)

−1
gλl

(yn,l)/1
⊤ (Rl + δlI)

−1
1 as

a plug-in estimator. The conditional distribution of Zlk(xk) will then be used to develop EHIs for

each dimension of the decision variable.

4.3.2 Expected Hypervolume Improvement with Transformed Additive

Gaussian Processes

Based on the conditional distributions in (4.13), we simplify the EHI in (4.6) to the expected

hypervolume improvements for the bi-objective problems for each dimension of the decision variable.
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Provided by the approximation of TAG, we have

gλl
(yl(x)) ≈ µl +

d∑
k=1

zlk (xk) for l = 1, 2, (4.14)

where zlk(xk) is a realization of Zlk(xk). Assume that the decision space X = X1×. . .×Xd. Then the

original bi-objective optimization problem in (4.1) is simplified into d one-dimensional bi-objective

problems

min
xk∈Xk

zk(xk) = [z1,k (xk) , z2,k (xk)] for k = 1, . . . , d (4.15)

Let Pk be the Pareto set of (4.15), i.e.,

Pk = {zk(xk) ∈ R2 | ∄ zk(x
′
k) ∈ R2 : zk(x

′
k) ≺ zk(xk)} (4.16)

for k = 1, . . . , d. Under TAG, we can define the EHI for the problem in (4.15) as

EHIn,k (xk;Pk, tk) = E {HVI ((Z1,k(xk), Z2,k(xk)),Pk, t)} , (4.17)

where the expectation is taken with respect to the conditional distribution of Zlk(xk) in (4.13). As

a result, instead of maximizing EHIn (x;P, t) over x ∈ X , a new input point is given by maximizing

EHIn,k (xk;Pk, t) with one dimensional decision variable xk ∈ Xk for k = 1, . . . , d. To be specific,

the new design point is generated by selecting xnew = (x∗
1, . . . , x

∗
d) with

x∗
k ∈ maxx∈Xk

EHIn,k (xk;Pk, t) for k = 1, . . . , d.

Given an approximation of the Pareto set Pk, EHI can attain a close form expression as in (4.8)

using the conditional distribution in (4.13). In the next subsection, we describe our detailed imple-

mentation of the proposed algorithm.

4.3.3 The Proposed Algorithm

We detail our implementation of the proposed bi-objective Bayesian optimization algorithm

in this subsection. The surrogate model is a TAG model in (4.9) implemented by the R package

TAG Lin and Joseph (2021). The calculation of EHI depends on the approximation of the Pareto
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set in (4.7). We use the R package ecr Bossek (2017) to approximate Pareto set. Given responses

ym,1 and ym,2 of size m, the approximations of the Pareto sets of P in (4.2) and Pk in (4.16) are

denoted by P(m) and P(m)
k , respectively. We summarize our implementation in Algorithm 5. We

first generate an initial dataset of size n (line 1 in Algorithm 5), and then add one more data point

at each step until we exhaust the budget of function evaluation N (line 2-10 in Algorithm 5). In

each step, we fit a TAG model for each objective function. For simplicity, the maximization of

EHIn,k (xk;Pk, t) is done by evaluating q random candidate points in Xk (line 4-9 in Algorithm 5).

In our implementation, we set q = 10 and generate a q×d random Latin hypercube design using the

R package lhs Carnell (2022) with k-th column being the candidate points in Xk (line 4 in Algorithm

5). At each step, we compute the hypervolume indicator in (4.3) based on the approximated Pareto

set P(m) (line 10 in Algorithm 5).

Algorithm 5 Bi-objective Bayesian Optimization with TAG

1: Given an initial dataset with inputs x1, . . . ,xn and the outputs yn,1 and yn,2, compute an initial

Pareto set approximation P(n) and compute H(P(n), t)

2: for m = n, n+ 1, . . . , N do

3: Fit the TAG models based on ym,1 and ym,2 and x, find P(m)
k for k = 1, . . . , d.

4: Generate a q × d matrix D as a random Latin Hypercube design with ij-th entries Dij .

5: for k = 1, . . . , d do

6: Evaluate EHIn,k

(
Dik;P(m)

k , t
)

7: Select point D∗
k that maximizes EHIn,k

(
Dik;P(m)

k , t
)
over i = 1, . . . , q

8: end for

9: Set new input point x(m+1) = (D∗
1 , . . . , D

∗
d) and obtain y(x(m+1))

10: By including the new response, update ym,1 → ym+1,1, ym,2 → ym+1,2, and P(m) → P(m+1).

Compute H(P(m+1), t)

11: end for

Return H(P(m), t) for m = n, n+ 1, . . . , N .

It is worth noting that the hyperparameters (such as λl’s and τl’s etc) in TAG are not

updated in every step in our implementation. To save computation time and resources, we will refit

those hyperparameters in every ten steps.
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4.4 Numerical Results

In this section, we compare the proposed algorithm as described in Section 4.3.3 with the

bi-objective Bayesian optimization procedure implemented with the function GParetoptim in the R

package GPareto Binois and Picheny (2019). This algorithm uses independent Gaussian processes

as a surrogate model for the two objectives, and uses EHI in (4.8) as the acquisition function. To

distinguish between the two approaches, our method is denoted by “Transformed Additive GP”,

and the method in GPareto is referred to as “Classical GP”.

First, we generate initial data using the R package lhs Carnell (2022). Next, we fit an initial

surrogate model to the data. For our method, the surrogate model is a TAG model as in (4.9). The

classical GP approach will use the Gaussian processes as the surrogate models using the R package

Roustant et al. (2012) DiceKriging. The reference point t is chosen as a point that bounds the

outcome space of the bi-objective problem when 0 ≤ xk ≤ 1 for k = 1, . . . , d. We sequentially add

new points one by one using EHI for 20 steps. In each step, we compute H(P, t) in (4.3) based on

approximations of P following Fonseca et al. (2006).

We replicate the whole procedure 30 times (with 30 different random initial datasets) for

both methods. For the returned hypervolume values of each method in each step, we compute their

average and use 10th and 90th quantiles to construct a confidence band. For our method, in the R

package TAG, the default range of λl in (4.10) is −2 to 2, we use this default range for the examples

unless otherwise noted.

Example 1

We construct bi-objective functions as follows:

yl(x) = exp
(
Σd

k=1 (xk − al)
2
+ clx1x2

)
for l = 1, 2, (4.18)

which can be transformed to additive functions using the Box-Cox transformation (4.10) for λl = 0

and cl = 0.

We first study the impact of the dimension of the decision space on the proposed method

as compared to the classical GP approach. We consider the performance of the proposed algorithm

under different sizes of d. We specify three cases with parameters of (4.18) in Table 4.1, where the
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dimension of input spaces changes from 4 to 8. To ensure there are a sufficient number of initial

points for d = 8, we use 25 initial data points in this study. The results are depicted in Figure 4.1.

As the dimension of the decision space increases, the advantage of the proposed method is greater.

Table 4.1: Table of parameter settings of (4.18) for the three cases in Figure 4.1.

Cases (1) (2) (3)

l d al cl d al cl d al cl
1 4 0.3 0 6 0.3 0 8 0.3 0
2 4 0.4 0 6 0.4 0 8 0.4 0

d = 4 d = 6 d = 8

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

114

116

118

120

Step

H
yp

er
vo

lu
m

e

method Classical GP Transformed Additive GP

(1) (2) (3)

Figure 4.1: The mean, 10-th and 90-th quantiles of approximated hypervolume over 30 replications
and 20 steps for optimizing the objective functions in (4.18) with the parameter settings in Table
4.1.

Next, we study the performance of the proposed method when the objective functions have

an interaction term and are not strictly transformed to additive functions with one-dimensional

input. We consider the performance of the proposed algorithm under different values of cl. We

specify three cases with parameters of (4.18) in Table 4.2, where the value of c2 changes from 0 to

0.5. For this example, 15 initial data points are used. The results are depicted in Figure 4.2. The

results show that when the interaction term is negligible as c2 = 0 or 0.01, our method is more

robust than Classical GP in early stages. However, when the interaction term increases to c2 = 0.5,

the performances of the two approaches are comparable.
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Table 4.2: Table of parameter settings of (4.18) for the three cases in Figure 4.2

Cases (1) (2) (3)

l d al c1 d al c1 d al c1
1 4 0.3 0 4 0.3 0 4 0.3 0
2 4 0.4 0 4 0.4 0.01 4 0.4 0.5

.

c2 = 0 c2 = 0.01 c2 = 0.5

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
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117
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e

method Classical GP Transformed Additive GP

(1) (2) (3)

Figure 4.2: The mean, 10-th and 90-th quantiles of approximated hypervolume over 30 replications
and 20 steps for optimizing the objective functions in (4.18) with the parameter settings in Table
4.2.

Example 2

We use the example FES1 from the literature of bi-objective optimization Fieldsend et al.

(2003) to demonstrate the performance of the proposed method. The original problem of FES1 is

given by in (4.19). For a comparison purpose, we construct a modified version of FES1 in (4.20) by

taking the exponential values of the original objectives. FES1 is an additive function, whereas FES1-

modified can be transformed into an additive function. For FES1, we restrict λl for l = 1, 2 in TAG to

be between 0.5 and 1.5 since the existing procedure does not estimate it properly. For this example,

20 initial data points are used. The results are depicted in Figure 4.3. Our method is comparable to

the classical GP method when the function is originally additive without transformation. However,

when the additive objective functions are not originally additive (for FES1-modified), our method

outperforms the classical GP method in the early stages.
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FES1 =


y1(x) =

∑4
i=1 |xi −

exp{( i
4 )

2}
3 |0.5

y2(x) =
∑4

i=1

(
xi − 0.5 cos

(
10πi
4

)
− 0.5

)2 (4.19)

FES1-modified =


y1(x) = exp{

∑4
i=1 |xi −

exp{( i
4 )

2}
3 |0.5}

y2(x) = exp{
∑4

i=1

(
xi − 0.5 cos

(
10πi
4

)
− 0.5

)2} (4.20)

FES1 FES1 modified
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Figure 4.3: The mean, 10-th and 90-th quantiles of approximated hypervolume over 30 replications
and 20 steps for the two problems in (4.19) and (4.20).

4.5 Conclusion

We have proposed a method for bi-objective Bayesian optimization using TAG as the sur-

rogate model to simplify the optimization of EHI by decomposing the decision space into one-

dimensional additive subspaces. Through a numerical study, we have demonstrated the advantage

of the proposed method over classical bi-objective Bayesian optimization. Future directions of this

work include improving the parameter tuning in the TAG framework, extending the method to

the multi-objective case, and integrating other existing approaches into the proposed algorithm to

optimize EHI.
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Appendix A Proof of Results in Chapter 2

A.1 Proof of Lemma 1

Note that the posterior density function of σ2 given S2 satisfies

p(σ2|S2) ∝ p
(
(m− 1)S2|σ2

)
π(σ2),

where π(σ2) is the PDF of IG(a, b), and p
(
(m− 1)S2|σ2

)
is the PDF of σ2χ2

m−1. Thus, we have

p(σ2|S2) ∝ 1

2
m−1

2 Γ(m−1
2 )

(
(m− 1)

σ2
S2

)m−1
2 −1

exp

(
−m− 1

σ2

S2

2

)
m− 1

σ2

ba

σ2(a+1)Γ(a)
exp

(
− b

σ2

)
∝
(
σ2
)−(a+m−1

2 )−1
exp

(
− 1

σ2

[
(m− 1)S2

2
+ b

])
,

which implies that the posterior distribution of σ2 given S2 is an inverse gamma distribution with

parameters a+ m−1
2 and b+ S2(m−1)

2 .

A.2 Proof of Lemma 2

The marginal density function of S2 based on the Bayesian model in Lemma 1 is given by

p(S2) =

∫
p(S2|σ2)π(σ2)dσ2.

Following the proof of Lemma 1, we have that

p(S2|σ2)π(σ2) =
ba
(
S2
)m−1

2 −1
(m− 1)

m−1
2

2
m−1

2 Γ(m−1
2 )Γ(a)

·
Γ(a+ m+1

2 )(
b+ m−1

2 S2
)m+1

2 +a
· g(σ2, S2),

where

g(σ2, S2) =

(
b+ m−1

2 S2
)m+1

2 +a

Γ
(
m+1
2 + a

) (σ2)−(a+m−1
2 )−1 exp

(
− 1

σ2

[
b+

(m− 1)S2

2

])
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Noting that g(σ2, S2) is exactly the PDF of an inverse gamma distribution for σ2, we have

p(S2) =
ba
(
S2
)m−1

2 −1
(m− 1)

m−1
2

2
m−1

2 Γ(m−1
2 )Γ(a)

·
Γ(a+ m+1

2 )(
b+ m−1

2 S2
)m+1

2 +a
·
∫

g(σ2, S2)dσ2

=
ba
(
S2
)m−1

2 −1
(m− 1)

m−1
2

2
m−1

2 Γ(m−1
2 )Γ(a)

·
Γ(a+ m+1

2 )(
b+ m−1

2 S2
)m+1

2 +a

=
1

B(m−1
2 , a)

·
(
m−1
2b S2

)m−1
2 −1 m−1

2b(
m−1
2b S2 + 1

)m−1
2 +a

,

which is proportional to the PDF of the beta prime distribution (Johnson et al., 1995). Therefore,

we have

m− 1

2b
S2 ∼ BetaPrime

(
m− 1

2
, a

)
.

A.3 Proof of Proposition 1

Letting B(α, β) denote the beta function, the truncated expectation of the beta prime

distribution is given by

E[Z|Z ≤ c] =

∫ c

−∞ zfα,β(z)dz

Fα,β(c)− Fα,β(−∞)
,

where fα,β(z) = zα(1+z)−α−β

B(α,β) and Fα,β are the PDF and CDF of a beta prime distribution with

parameters α and β, respectively. Then, we have

E[Z|Z ≤ c] =
1

Fα,β(c)

∫ c

−∞

z
(
zα (1 + z)

−α−β
)

B(α, β)
dz

=
1

Fα,β(c)

∫ c

−∞

zα+1 (1 + z)
−(α+1)−(β−1)

Γ((α+ 1) + (β − 1))

Γ(α)Γ(β)
dz

=
α+ 1

β

1

Fα,β(c)

∫ c

−∞

zα+1 (1 + z)
−(α+1)−(β−1)

Γ((α+ 1) + (β − 1))

Γ(α+ 1)Γ(β − 1)
dz

=
α+ 1

β
· Fα+1,β−1(c)

Fα,β(c)
.

A.4 Proof of Proposition 2

Denoting C
(t)
x = minx′ ̸=x

{
b
(t)

x′

a
(t)

x′ −1

}
, (2.10) becomes:
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minx′∈X

{
b
(t+1)
x′

a
(t+1)
x′ − 1

}
=


b(t+1)
x

a
(t+1)
x −1

if
b(t+1)
x

a
(t+1)
x −1

≤ C
(t)
x

C
(t)
x o.w.

. (21)

Then, we have

E

[
min
x′∈X

b
(t+1)
x′

a
(t+1)
x′ − 1

]
= E

[
b
(t+1)
x

a
(t+1)
x − 1

∣∣∣∣∣ b
(t+1)
x

a
(t+1)
x − 1

≤ C(t)
x

]
P

(
b
(t+1)
x

a
(t+1)
x − 1

≤ C(t)
x

)

+ C(t)
x P

(
b
(t+1)
x

a
(t+1)
x − 1

> C(t)
x

)
(22)

From (2.6), we can see that

b
(t+1)
x

a
(t+1)
x − 1

=
b
(t)
x

a
(t)
x + m−1

2 − 1

(
1 +

(m− 1)S
2,(t+1)
x

2b
(t)
x

)
≤ C(t)

x (23)

is equivalent to

m− 1

2b
(t)
x

S2,(t+1)
x ≤ C̃(t)

x ,

where C̃
(t)
x =

(a(t)
x +m−1

2 −1)C(t)
x

b
(t)
x

− 1. Consequently, we have

P

(
b
(t+1)
x

a
(t+1)
x − 1

≤ C(t)
x

)
= P

(
m− 1

2b
(t)
x

S2,(t+1)
x ≤ C̃(t)

x

)
= Fm−1

2 ,a
(t)
x

(
C̃(t)

x

)
, (24)

E

[
b
(t+1)
x

a
(t+1)
x − 1

∣∣∣∣∣ b
(t+1)
x

a
(t+1)
x − 1

≤ C(t)
x

]
= E

[
b
(t+1)
x

a
(t+1)
x − 1

∣∣∣∣∣m− 1

2b
(t)
x

S2,(t+1)
x ≤ C̃(t)

x

]

=
b
(t)
x

a
(t)
x + m−1

2 − 1
E

[
m− 1

2b
(t)
x

S2,(t+1)
x + 1

∣∣∣∣∣m− 1

2b
(t)
x

S2,(t+1)
x ≤ C̃(t)

x

]
(25)

=
b
(t)
x

a
(t)
x + m−1

2 − 1

m+ 1

2a
(t)
x

·
Fm+1

2 ,a
(t)
x −1

(C̃
(t)
x )

Fm−1
2 ,a

(t)
x
(C̃

(t)
x )

+ 1

 , (26)
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where (24) holds since m−1

2b
(t)
x

S
2,(t+1)
x ∼ BetaPrime

(
m−1
2 , a

(t)
x

)
by Lemma 2, (25) holds due to (23),

and (26) holds by Proposition 1. Finally, applying (24)-(26) to (2.9) and (22), we have

E

[
min
x′∈X

b
(t+1)
x′

a
(t+1)
x′ − 1

]
=

b
(t)
x

a
(t)
x + m−1

2 − 1

m+ 1

2a
(t)
x

·
Fm+1

2 ,a
(t)
x −1

(C̃
(t)
x )

Fm−1
2 ,a

(t)
x
(C̃

(t)
x )

+ 1

Fm−1
2 ,a

(t)
x
(C̃(t)

x )

+C(t)
x

[
1− Fm−1

2 ,a
(t)
x
(C̃(t)

x )
]
,

KG(t+1)(x) = minx′∈X

{
b
(t)
x′

a
(t)
x′ − 1

}
− C(t)

x

[
1− Fm−1

2 ,a
(t)
x
(C̃(t)

x )
]

− b
(t)
x

a
(t)
x + m−1

2 − 1

m+ 1

2a
(t)
x

·
Fm+1

2 ,a
(t)
x −1

(C̃
(t)
x )

Fm−1
2 ,a

(t)
x
(C̃

(t)
x )

+ 1

Fm−1
2 ,a

(t)
x
(C̃(t)

x ).

A.5 Proof of Proposition 3

First, we have that

EI(t+1)(x) = E

[
max

{
min
x∈X

(
b
(t)
x

a
(t)
x − 1

)
− S2

x, 0

}]

=
2b

(t)
x

m− 1
E

[
max

{
m− 1

2b
(t)
x

min
x∈X

(
b
(t)
x

a
(t)
x − 1

)
− m− 1

2b
(t)
x

S2
x, 0

}]
,

thus the expectation can be taken with respect to the BetaPrime distribution of m−1

2b
(t)
x

S2
x.

Suppose that Z follows the Beta Prime distribution with parameters α and β, Lemma 2

gives

E [max (u− Z, 0)] = P (Z ≤ u)E [u− Z|Z ≤ u]

= uFα,β(u)− Fα,β(u)E [Z|Z ≤ u]

= uFα,β(u)−
α+ 1

β
Fα+1,β−1(u),

which directly leads to the result in Proposition 3 by letting u = m−1

2b
(t)
x

minx∈X

{
b(t)x

a
(t)
x −1

}
, α =

(m− 1)/2 and β = a
(t)
x .

A.6 Examples of Resulting Designs

Figure 4 visualizes the resulting designs of the proposed KG-IG method based on simulator

I in Section 2.6. We show the designs for K = 6, 12 and 30; for example, the left figure (K = 6)
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Figure 4: The resulting designs of KG-IG based on simulator I in Section 2.6 for K = 6 (left),
K = 12 (middle), and K = 30 (right) over 60 experiments. The red dot represents the true optimal.
The size of the dots is relative to the number of replications on each design point.

contains exactly six dots that correspond to the six experimental settings.
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Appendix B Proofs of Results in Chapter 3

B.1 Proof of Proposition 4

First, we have the TAG framework Lin and Joseph (2020):

g(y) = µ+ z(x) + ϵ(x),

where z(x) ∼ GP (0, τ2R(·)) and ϵ(x) ∼ N
(
0, σ2

)
. Then,

zk(xk) ∼ GP (0, τ2kRk(·)),

for k = 1, . . . , d. Let the correlation function for the Gaussian process be written as:

R(x− x′) =

d∑
k=1

ωlkRk (xk − x′
k) , (27)

.

In order to find the marginal distribution, first the join distribution of zk(xk) and y is

needed. The new data can be written as (x1, y1), . . . , (xn, yn)

 y

zk(xk)

 ∼ Nn+1


0

0

,
τ2R+ σ2I τ2krk(xk)

τ2krk(xk)
T τ2k


 (28)

Where rk(xk) is the vector of correlations: (R(xk−x1k), . . . R(xk−xnk)), R is the correlation

matrix with the ijth element being Rk(xi − xj). R and Rk are defined above.

Now let  A b

bT c

 =

τ2R+ σ2I τ2krk(xk)

τ2krk(xk)
T τ2k


−1

(29)
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Then,

zk(xk) ∝ exp

−1

2

 y

zk(xk)


T  A b

bT c


 y

zk(xk)

+
1

2
zk(xk)

T
(
τ2R+ σ2I

)−1
zk(xk)


= exp

(
−1

2
y2 + 2

(
bT zk(xk)y + zk(xk)

TAzk(xk)
)
+

1

2
zk(xk)

T
(
τ2R+ σ2I

)−1
zk(xk)

)
∝ exp

(
−1

2

(
y +

bT zk(xk)

c

)2
)

From 29 we can see that:
(
τ2R+ σ2I

)
b+ cτ2krk(xk) = 0 and τ2krk(xk)

Tb+ cτ2k = 1

Then, we can also see that:

b =

(
τ2R+ σ2I

)−1
τ2krk(xk)

τ2k + σ2
k − (τ2krk(xk))

T
(τ2R+ σ2I)

−1
τ2krk(xk)

c =
1

τ2k − (τ2krk(xk))
T
(τ2R+ σ2I)

−1
τ2krk(xk)

Now combining the above, we get:

zk(xk) ∝ exp

−
(
y −

(
τ2krk(xk)

)T (
τ2R+ σ2I

)−1
zk(xk)

)2
2
(
τ2k − (τ2krk(xk))

T
(τ2R+ σ2I)

−1
τ2krk(xk)

)


Therefore:

zk(xk) ∼ N
(
τ2krk(xk)

T
(
τ2R+ σ2I

)−1
(gλ(y)− µ), τ2k −

(
τ2krk(xk)

)T (
τ2R+ σ2I

)−1
τ2krk(xk)

)
.

(30)

Which can be rewritten as:

zk(xk)|y ∼ N
(
ẑk(xk), s

2
k(xk)

)
(31)

with

ẑk(xk) = ωkrk(xk)
⊤ (R+ δI)

−1
(gλ(y)− µ)

and

s2k(xk) = τ2ωk

(
1− rk(xk)

⊤ (R+ δI)
−1

ωkrk(xk)
)
,

where δ = σ2/τ2.
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Appendix C Proofs of results in Chapter 4

C.1 Proof of Closed Form Expression of Expected Hypervolume Im-

provement

Given the equations for the hypervolume indicator and hypervolume improvement in (4.3)

and (4.4), we can derive the closed for expression of expected hypervolume improvement found in

(4.6). For this proof, let πŷ,ŝ (y), be the bi-variate normal distribution that is th joint distribution

of the conditional distributions of the objective functions and let ϕŷ1,ŝ1 (y1) and ϕŷ2,ŝ2 (y2) be the

independent normal distributions that are the conditional distributions or each of the objective

functions.
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EHIn (x;P, t) = E {HVI ((Y1(x), Y2(x)),P, t)}

=

∫
R

HVI ((Y1(x), Y2(x)),P, t)πŷ,ŝ (y) dy

=

∫ ∞

y1=−∞

∫ ∞

y2=−∞

n+1∑
i=1

Λ2 [Si ∩∆(y1, y2)] · πŷ,ŝ (y1, y2) dy1dy2

=

p+1∑
i=1

∫ yi−1
1

y1=−∞

∫ yi
2

y2=−∞
Λ2 [Si ∩∆(y1, y2)] · πŷ,ŝ (y1, y2) dy1dy2

=

p+1∑
i=1

∫ yi−1
1

y1=−∞

∫ yi
2

y2=−∞
Λ2 [Si ∩∆(y1, y2)] · ϕŷ1,ŝ1 (y1) · ϕŷ2,ŝ2 (y2) dy1dy2

=

p+1∑
i=1

∫ yi
1

y1−∞

(
yi−1
1 − yi1

)
ϕŷ1,ŝ1 (y1) dy1 ·

∫ yi
2

y2=−∞

(
yi2 − y2

)
· ϕŷ2,ŝ2(y2)dy2

+

p+1∑
i=1

∫ yi−1
1

yi
1

(
yi−1
1 − y1

)
ϕŷ1,ŝ1 (y1) dy1 ·

∫ yi
2

y2=−∞

(
yi2 − y2

)
· ϕŷ2,ŝ2(y2)dy2

=

p+1∑
i=1

∫ yi
1

y1=−∞

(
yi−1
1 − yi1

)
ϕŷ1,ŝ1 (y1) dy1

∫ yi
2

y2=−∞

(
yi2 − y2

) 1

ŝ2(x)
ϕ

(
y2 − ŷ2(x)

ŝ2(x)

)
dy2

+

p∑
i=1

∫ y
(i−1)
1

yi
1

(
yi−1
1 − y1

) 1

ŝ1
ϕ

(
y1 − ŷ1(x)

ŝ1

)∫ yi
2

y2=−∞

(
yi2 − y2

) 1

ŝ2(x)
ϕ

(
y2 − ŷ2(x)

ŝ2(x)

)
dy2

=

p+1∑
i=1

(
yi−1
1 − yi1

)
· Φ
(
yi1 − ŷ1(x)

ŝ1(x)

)
·Ψ
(
yi2, y

i
2, ŷ2(x), ŝ2(x)

)
+

p+1∑
i=1

(
Ψ
(
yi−1
1 , yi−1

1 , ŷ1(x), ŝ1(x)
)
−Ψ

(
yi−1
1 , yi1, ŷ1(x), ŝ1(x)

))
·Ψ
(
yi2, y

i
2, ŷ2(x), ŝ2(x)

)
where Λ2 [Si ∩∆(y1, y2)] is the Lebesgue measure on R2, Si are the sections of the dominated area

bounded by Si =
((

yi1,−∞
)⊤

,
(
yi−1
1 , yi2

)⊤)
, and ∆ (y1, y2) is the dominated area represented by

the new point.

C.2 Example of Expected Hypervolume Improvement Calculation

This example will be a two-dimension numerical calculation of the equation derived above.

It will show the calculation of the EHI for a set of three two-dimensional points. The goal of the

EHI calculations in this example will be to maximize the the objective functions and find the Pareto

set.
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For this example, let the Pareto set be:

P =


3 1

2 1.5

1 2.5


Let the data follow the form yi ∼ N(ŷi, ŝi). Then, the values for this example are given by:

y1 ∼ N(2, 0.7) and y2 ∼ N(1.5, 0.6). Let the reference point be t = (4, 4)
⊤
. Lastly, let the point

from which the EHi will be calculate be new point ynew = (1.50, 0.50) which is a rounded value

selected randomly from the independent normal distribution based on the values of µ and σ above.

This point is draw in the figure to illustrate the area of improvement and the original Pareto set.

The EHI calculation finds the average improvement over all possible nondominated points in the

area bounded by the reference point.

C.2.1 Calculations

Table of values:

y1 y2

y0 4 −∞

y1 3 1

y2 2 1.5

y3 1 2.5

y4 −∞ 4

Table of Calculations:

i Calculation Value

1 (4− 3)Φ
(
3−2
0.7

)
Ψ(1, 1, 1.5, 0.6) + (Ψ(4, 4, 2, 0.7)−Ψ(4, 3, 2, 0.7))Ψ(1, 1, 1.5, 0.6) 0.0663

2 (3− 2)Φ
(
2−2
0.7

)
Ψ(1.5, 1.5, 1.5, 0.6) + (Ψ(3, 3, 2, 0.7)−Ψ(3, 2, 2, 0.7))Ψ(1.5, 1.5, 1.5, 0.6) 0.1783

3 (2− 1)Φ
(
1−2
0.7

)
Ψ(2.5, 2.5, 1.5, 0.6) + (Ψ(2, 2, 2, 0.7)−Ψ(2, 1, 2, 0.7))Ψ(2.5, 2.5, 1.5, 0.6) 0.2582

4 (1−−∞)Φ
(−∞−2

0.7

)
Ψ(4, 4, 1.5, 0.6) + (Ψ(1, 1, 2, 0.7)−Ψ(1,−∞, 2, 0.7))Ψ(4, 4, 1.5, 0.6) 0.0602
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EHIn (x;P, t) =
p+1∑
i=1

(
yi−1
1 − yi1

)
· Φ
(
yi1 − ŷ1(x)

ŝ1(x)

)
·Ψ
(
yi2, y

i
2, ŷ2(x), ŝ2(x)

)
+

p+1∑
i=1

(
Ψ
(
yi−1
1 , yi−1

1 , ŷ1(x), ŝ1(x)
)
−Ψ

(
yi−1
1 , yi1, ŷ1(x), ŝ1(x)

))
·Ψ
(
yi2, y

i
2, ŷ2(x), ŝ2(x)

)
= 0.563

The expected hypervolume improvement for the Pareto set described above is 0.563. This

value was equal to that found used the Matlab code given by Michael Emmerich and Andre Deutz,

LIACS, Leiden University, 2010. Hupkens et al. (2015). This is shown in Figure 5, where the red

area in the plot is the improvement if the point ynew is added andthe blue area is the hypervolume

dominated by the current Pareto set.

t

y1

y2

y3

ynew

0

1

2

3

4

0 1 2 3 4
y2

y 1

Figure 5: Illustration of dominated area for a sample EHI calculation.
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