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Abstract

The goal of this dissertation is to study algorithm design and complexity analysis of first-
order methods for solving some smooth nonlinear optimization problems. It consists of three research
projects. The first project is concerning the matrix-vector multiplication complexity for solving
kernel projection problems and its application on decentralized consensus optimization. The second
project focuses on optimal first-order algorithm design for gradient norm minimization. The third
project is the study of conditional gradient type algorithms for functional constrained nonlinear
optimization problems.

The first project is elaborated in Chapter 2. Specifically, we study the problem of projecting
a vector to the kernel of a specified matrix. The complexity of algorithms for solving approximate
solutions of such problem is evaluated by the number of matrix-vector multiplications needed for
computing an approximate solution. We first study this problem from three perspectives: the control
perspective, the optimization perspective, and the linear algebra perspective. From the control
perspective, a first-order method has already been proposed in previous control literature. However,
we find that such method converges slower than it is claimed, as its best linear convergence rate
has an additional logarithmic term in the worst case. From the optimization perspective, motivated
by the accelerated gradient method, we design a first-order method whose complexity is optimal in
order. From the linear algebra perspective, there has been known study of exact oracle complexity
for solving a linear equation provided with the same matrix-vector oracle. Here we use the term
“exact complexity” to emphasize that not only the complexity is optimal in order, but also the
constant appearing in the complexity bound is unimprovable. However, such exact complexity
result in solving linear equation systems is not readily applicable to our problem of interest. Based
on our observations from the three perspectives, under a linear-span assumption, we propose a novel

iterative method which attains the exact oracle complexity for our problem of interest. In the realm
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of general methods, we provide an exact lower complexity bound with the assumption that the
dimension of our problem is sufficiently large.

In the second project, our focus is to design optimal gradient method for solving uncon-
strained optimization problems with convex and smooth objective function. This project is de-
scribed in Chapter 3. Specifically, our goal is to compute an e-approximate solution x € R™ such
that ||V f(2)||> < € by one uniform algorithm. The algorithm we study is gradient extrapolation
method (GEM), which was previously developed for function value difference minimization: the
number of iterations required to obtain an approximate solution xy such that f(xy) — f(z*) < e
is bounded by O (\/W), where Ly is the smoothness constant of function f, zg is
the initial iterate, and x* is an optimal solution. In this dissertation, we show that with appro-

priately chosen parameters, GEM can compute an e-solution 2 € R™ satisfying ||V f(x)|? < e with

at most O(\/Ls(f(xo) — f(2*))/€) gradient evaluations. Consequently, if we first apply GEM with
the parameters for minimizing function value difference, then apply GEM with the parameters
for gradient norm minimization, we are able to compute an e-approximate solution with optimal
O(y/L¢llzo — 2*[/e'/*) complexity.

In the third project, we focus on designing projection-free algorithms for solving functional
constrained optimization problems. This project is described in Chapter 4. We first provide two
projection-free methods for solving convex functional constrained optimization problems. The con-
strained conditional gradient (CCG) method is proposed such that the gradient evaluation complex-
ity and the linear objective optimization complexity are both of order O(1/e). Then we incorporate
a sliding procedure in CCG so that it could obtain a better O(1/4/¢) gradient evaluation complexity
while maintaining the O(1/¢) linear objective optimization complexity. Moreover, we show that
CCG with a linesearch strategy can also be adapted for solving nonconvex functional constrained
optimization problems. If the objective function is nonconvex but the constraints are convex, our
proposed method has an O(1/e%) complexity to compute an approximate stationary point. If both
the objective and constraint functions are nonconvex, our proposed method has an O(1/e2) com-

plexity to compute an approximate Fritz-John point.
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Chapter 1

Preliminaries

In this dissertation, we focus on first-order methods for solving constrained and uncon-
strained smooth nonlinear optimization problems. In the most general form, all our problems of

interest can be represented as follows:

where X C R™ is a closed convex set and f, g and h are continuously differentiable functions. In
Chapter 2, we study a special case of the above problem in which the objective function f(z) :=
(1/2)]|z — |3 for some u, g; = 0 for all 4, and h;’s are affine constraint functions. In Chapter 3,
the objective function f is convex, the set X = R™ and g¢;, h; = 0 for all i. In Chapter 4, we only
study functional inequality constraints, i.e., h; = 0 for all 7. For all problems in this dissertation, we
assume that the problem dimension n is high and first-order algorithms are preferred. Second and
higher order algorithms (e.g., Newton methods) are out of the scope of this dissertation.

In this chapter, we describe some preliminary knowledge for first-order methods and nonlin-
ear optimization. Such knowledge will be frequently used in the research projects described in the
following chapters. Specifically, in Section 1.1 we describe some properties of smooth functions and
convex smooth functions. In Section 1.2 we describe two fundamental methods commonly studied

in first-order algorithm literature: the gradient descent and accelerated gradient descent methods.



1.1 Properties of smooth functions

In this section, we describe several commonly known properties of smooth functions and
convex smooth functions. Some properties are utilized in many convergence analysis performed
throughout this dissertation. The proofs of all the results below are commonly known in convex and
nonlinear optimization textbooks (see, e.g., [24, 11]) and are skipped.

We say that a function f : R™ — R is L y-smooth with respect to norm ||-|| if it is continuously

differentiable and its gradient V f is Lipschitz continuous with constant Lz, namely,
IVf(x) = Vi)l < Lglle —yll, Yo,y € R™.

Here || - ||+ is the dual norm of || - ||. When the context is clear, we may omit the description of the
associated norm and simply state that f is L;-smooth. For smooth functions, we have the following

commonly used property:

Lemma 1.1.1. Let f : R™ — R be an arbitrary Ly-smooth function with respect to norm || - ||. For

all x,y € R™, we have

F@) ~ Fw) ~ (Vi )a —y) < 2L~y

The above lemma shows that f(x) is upper bounded by the sum of a linear approximation
at y and the squared distance ||z — y||?. Note that a stronger result |f(x) — f(y) — (Vf(y),z —y)| <
(L¢/2)||z — y||* with an absolute value at the left-hand side also holds; however, the weaker version
stated in the above lemma is already sufficient for all the analysis throughout our dissertation.

In addition to smoothness, if f is also convex, we can obtain several more properties. We use
notation F+*

LIl

with norm |- ||) and convex.! When the associated norm is Euclidean, we will use a simpler notation

(R™) to denote the set of functions f : R™ — R that are both Ls-smooth (associated

S"ILfl (R™). In the remainder of this section, the properties of convex smooth functions are described.

Such properties will be utilized in the convergence analysis throughout this dissertation.

IThe notation ?2’; 1

Here F stands for the set of convex functions; the superscript “1,1” denotes that f is continuously differentiable and
its gradient is Lipschitz continuous; the subscript Ly, || - || denotes that the Lipschitz constant is Ly with respect to
the norm || - ||.

(R™) follows from the book [24]. Such functions are also known as convex smooth functions.



Lemma 1.1.2. For any function f € S'ifl -1 (R™) and any x,y € R™, we have

Llfnvm) ~VIWIP < (V@) - Vi) x ).

Specially, with y = x* we have

SV < (Vi) - o). (11)
f

The lemma above states that the inner product of gradient difference Vf(x) — Vf(y) and
point difference (z — y) is lower bounded by the scaled squared gradient norm difference ||V f(z) —
Vf(y)||?/Ls. Note that the special case (1.1) of the above lemma has an important implication.
Specifically, for any differentiable convex function f, the following property holds for its minimizer

T*:

0<(Vf(x),z—z%).

The above relationship is indeed an optimality condition for convex and differentiable functions.
The property (1.1) states that for convex smooth functions, its optimality condition can be stronger

than the above equation with an extra gradient norm.
Lemma 1.1.3. For any function f € i}ifl - (R™) and any x,y € R™, we have
L
0< f@) — fly) = (V) z—y) < Tl —ylP” (12)

Specially, with y = x* we have
* L *
f(@) = f(a") < FHle =)

The relation (1.2) is stronger than the result described in Lemma 1.1.1 since the difference
between f(z) and its linear approximation at y is now lower bounded by 0 due to convexity. Note
that for such lower bound to hold, we only require that f is convex and differentiable. Indeed, for

convex smooth functions such lower bound can be further strengthened, as stated in the lemma



below.

Lemma 1.1.4. For any function f € S"ifl I (R™) and any x,y € R™, we have

F@) = F0) ~ (V)2 ~ ) = 51|95 () - Vi)
f

Specially, with y = x* we have
%va( )2 < fla) = fla¥)
oL, x) |3 x ).

Lemmas 1.1.2, 1.1.3 and 1.1.4 are the fundamental properties of the function class S"ifl (R™)
that play important roles in the analysis of convex smooth optimization problems. Throughout this
dissertation we rely on them to perform convergence analysis of several first-order methods.

With the essential properties of smooth functions and convex smooth functions introduced,
in the following section we introduce two commonly seen first-order methods that are related to this

dissertation.

1.2 Acceleration of the gradient descent method

In this section, we introduce two commonly seen first-order methods for the following convex
smooth optimization problem:

Here X C R™ is a closed convex set and f € F!

Ly H‘H(Rn)' Our goal is to compute an approximate

solution with accuracy threshold . Note that there are several different possible definitions of e-
approximate solutions. For instance, we will define an e-approximate solution = as one that satisfies
|z — 2*|| < e in Chapter 2 or as one that satisfies ||V f(z)|? < e for gradient norm minimization
in Chapter 3. In this subsection, our goal is to compute an approximate solution x such that
f(z) — f(z*) < e, where z* is an optimal solution to problem (1.3).

There have been several possible methods for solving problem (1.3). Our focus is on first-
order methods; such methods are commonly used when the accuracy threshold € is modest and the

dimension n is large. In such cases, higher order methods (Newton’s method, etc.) requires more



computational time per iteration and becomes less favorable.

1.2.1 The gradient descent method

The most commonly used first-order method for solving problem (1.3) is the gradient descent
method. It is based on a straightforward observation that for any differentiable function, its negative
gradient at a point is the direction along which the function decreases the fastest locally at such
point. We describe the gradient descent method and analyze its convergence performance in this
subsection. For simplicity, we let the feasible set X be R™ and assume that f is Ly-smooth with

respect to the Euclidean norm. The gradient descent algorithm is described below.

Algorithm 1.2.1 The gradient descent method

Require: Initial point zg € R", stepsize h > 0
fort=0,1,...,N do

T4l = Ty — th(l‘t) (14)

end for

For f € 3"2’;(]1%”), we can derive the convergence result of the gradient method in terms of
function value difference f(zn) — f(z*). The derivation is based on the analysis of the relationship

between f(z;) —2* and f(z;—1) — a*, as detailed in the proof of the following proposition.

Proposition 1.2.1. Let f be a function in the function class Srifl (R™) and {x}¥, be the iterations
of the gradient descent method applied to minimize f. If we have 0 < h < 1/(2Ly), then for any
N >0,

flaw) = fla") < 2(f (o) — f(@"))l|o — "

= 2|z — a*||2 + Nh(2 — Lyh)(f(zo) — f(z*)) (1.5)

Proof. First, by the definition of z; (1.4) in the description of Algorithm 1.2.1, the relationship (1.1)



in Lemma 1.1.2, and noting that V f(z*) = 0, we have

41 — 2*|* =llze — 2% — AV f(z)||?

=l — a™||* = 20(V f (@), 2 — 2%) + 12|V f () ||

2

<l = a2 = (£ = B) IV @)
f

Thus for any ¢, we have ||zs41 — 2*|| < ||y — 2*||. Consequently, we can observe that ||z; — z*|| <
o — 2.
Next, by Lemma 1.1.3 and the description of z; (1.4) in the gradient descent algorithm, we

have

f(xeg1) <f(@) +(VF(@0), 21 — ) + %thﬂ — zy?

(1.6)
=10 —n (1= En) 9 st

Since the function f is convex differentiable, recalling our previous observation that [|z; — z*|| <

||lxo — *||, we know that
flae) = (") <(Vf(@e), w0 — ) < V()] - lloe =27 < V@)l w0 — 27

Thus by (1.6), we obtain

z v —h (1= Ly Yl = £
s <1000 =1 (1= ) =S

i.e.

(f(w) = f@))?

lzo — 2|2

F(e) = F@*) <flae) — fa*) —h (1 ) L{h)

Dividing (f(z¢) — f(z*)) (f(x¢+1) — f(2*)) on both sides (note that the proof is trivial when f(z;) =



F(@*) or f(wi1) = f(a*)), we have

! oL hU=Fh) fm) - f@)
F@ern) = fl@*) = flz) = f(@*) - llwo —2*[* f(wea) = fl2*
- 1 L - Lip)

T f@) = fle) o flwo — P

)

Summing the inequalities above from ¢ = 0, ..., N — 1, we have

1 1 h(1— &)
Faw) — 1@ = o) — 1@ Y Two o2

The above result implies (1.5) immediately. O

In the convergence property above, the right-hand side of the result in (1.5) is dependent
on the stepsize h. Theoretically, the best choice of stepsize h is the one such that h(1 — (Ly/2)h) in
the denominator of the right-hand side is maximized, i.e., when h = 1/L;. The convergence result

when h = 1/Ly is described in the theorem below.

Theorem 1.2.1. Let f be a function in function class ?2;(R") and {x,}_, be the iterations of the
gradient descent method. If the step size is chosen to h =1/L;, then for any N > 0 we have

2Ly |lwo — 2|

flan) ~ fa7) < =120 (17)

Proof. The convergence result in (1.7) follows directly from Proposition 1.2.1 (with stepsize h =

1/Ly). O

Remark from Theorem 1.2.1 that the gradient evaluation complexity of the gradient descent
method is of order O(1/¢). In the following section, we show that the gradient evaluation complexity
can be improved to O(1/4/¢) through the accelerated gradient descent method. The following section

can be viewed as the acceleration technique for the classical gradient descent method.

1.2.2 Accelerated gradient descent method

In this subsection, we introduce the accelerated gradient descent method for solving the

optimization problem (1.3). Unlike the previous section on gradient descent method, here we allow



general closed convex feasible set X and any norm || - ||. The first version of accelerated gradient
descent method appears in [23]. After the work in [23], there have been several extensions and
modifications proposed in the literature (see, e.g., [22, 24, 11] and the references within). It has
already been shown that the accelerated gradient descent method is an optimal first-order method for
minimizing function value difference in convex smooth optimization (see, e.g., [24, 20]). The concept
of acceleration in this method is essential to several convergence analysis performed throughout
this dissertation. In Subsection 2.2.2 of Chapter 2, we will apply the accelerated gradient descent
method to obtain an approximate solution minimizing ||z — 2*|| with O (log(1/¢)) matrix-vector
multiplication complexity. When solving the problem of interest in Chapter 3, the methods we
proposed can be considered as the dual version of accelerated gradient descent method.

Our description of the accelerated gradient method in Algorithm 1.2.2 and the analysis are
based on [11]. Here we use a general prox function setting associated with arbitrary norm || - ||.

Specifically, the prox function V : X° x X — R is a proximity measure defined by

Via,y) = v(y) — v(x) = (Vo(z),y — ). (1.8)

The set X° is defined as X° = {z € X : there exist p € R" such that z € argmin, . y[p"u+ v(u)]},
and the distance generating function v : X — R is continuously differentiable and strongly convex

with respect to the general norm || -||. The accelerated gradient method is described in Algorithm

1.2.2.

Algorithm 1.2.2 Accelerated gradient descent method

Require: Initial point x9 € X, ¢; € [0,1], 7+ > 0, oy € [0, 1]
Set Tgp = xg-
fort=1,...,N do

Compute
2, =(1 = @)T—1 + @Te-1,
Ty = armger%in{%(Vf(gt), x) + V(zi_1,2)},
Ty =(1 — )Ti—1 + .
end for

Output approximate solution T .

Here, {(z,, z¢,7;)}}, are the iterates generated by the accelerated gradient descent method.

Specifically, the notation z, denotes the iterates at which gradients of f are computed. Here the



underline notation is since any gradient evaluation V f(z,) provides a linear approximation lower
bound f(z,) + (Vf(z;),z — x¢) of the function f(x). The notation x; denotes the iterates at which
we perform gradient-descent-like updates. The notation Z; denotes the outputs of the approximate
solutions of the algorithm. Here the overline is since f(Z;) > f(z*) is an overestimate of the optimal
objective function value. We can immediately observe that if we have the feasible set X = R",
the prox function V(z,y) = (1/2)||lz — y||3 be the half squared Euclidean norm, and the parameters
ag=1land vy, = hfort=0,...,N—1, the accelerated gradient descent method in Algorithm 1.2.2 is
identical to the gradient descent method in Algorithm 1.2.1. In the following proposition, we prove
that the certain choices of algorithm parameters ¢;, oy and 7, can lead us to a recursive relationship

between the t-th and (¢ — 1)-th iterates of Algorithm 1.2.2.

Proposition 1.2.2. Let f be a function such that f € frrifl(R") and {(z;,7¢,T¢) Y, be the iterates
generated by accelerated gradient descent method in Algorithm 1.2.2 to minimize f. If parameters

G, o and vy satisfy the following relationships:

Qg Z dt, (19)
Lf(at — qt)
——— =2 <0, 1.10
l—q¢ — (1.10)
1-— 1
Lyg(l-a) 1y (1.11)
L—q Ve
then for any x € X, we have
@ @
f(@) — f(z) + fV(zt,x) < (@ =a)[f(@-1) — f(2)] + ,yiV(:vt—l,x)- (1.12)
t t

Proof. First, by the definitions of Z;, 2; and x, in Algorithm 1.2.2, we have

Ty — 2y =(qe — ) Ty—1 + oty — ey

—o —$t— At — Gt o Qt(l_at)xt 1}
Oét(l—(It)it a(l—q)
oy ( ap — qy Qt(l_at))x _—a —qt(l_at)xt 1}
ol —q)  a(l—qyp) at(lf(h)*t a(l—q)
[ ar — (G qt(l_at) ]
=0 | ————— (T —xy) + ——— (2 — 24— .
! _041:(1—%)( ) at(l_Qt)( ‘ t-1)



Thus by the relationship a; > ¢; of oy and ¢; in (1.9) and the convexity of norms, we obtain

oy — -«
t (]t||xt_£t||2+%( t)

2
- p— . 1.13
1 % 1 ||5L't Tt 1” ( )

17 — 2 * < o

Next, by property (1.2) in Lemma 1.1.3, the relationship T; = (1 — «;)Ti—1 + a2 described
in Algorithm 1.2.2; the convexity of f, and inequalities (1.13), (1.10) and (1.11) above, we are able

to derive that

f(@e) <flzy) +(Vflz,), Tt — ) + %Hft —z)?
(1~ @) [F(20) + (V@) Ty — )]+ [f(2) + (V)20 = 2] + L7 - )P

<1 = o) f(T—1)

Ly(ow —qt)

qut(l — at)

+ oy |:f(xt) +(Vf(zy),ze —z4) + 2(1— q)

e — z||* + e — e ?

S0 Q) + |7 + (V@)= 2+ SV (o)

Finally, by the optimality condition of x; in its definition in Algorithm 1.2.2, we have that

forall x € X,

Y (Vf(Zy), we) + V(wi-1,20) <7 (Vf(2y),2) + V(Tp-1, ).

Hence combining with the fact that V(z;—1,2+) > V(2t—1,2) — V(a¢, x) and the convexity of f, we

conclude that

f@ﬁSﬂ—%H@FO+%U@J+ﬁﬁ@&w—%ﬂ+%V@me—%V@m@

<(1— o) f(To1) + 0uf(2) + LV (241, 2) — 2V (20, 2).
Vt Yt

In the above proposition, we prove that when the parameters satisfy (1.9), (1.10) and (1.11),
we can obtain a recursive relationship between the t-th and (¢ — 1)-th iterates of Nesterov’s gradient
method (1.12). Consequently, we show in the following proposition that by induction it is now

possible to expand the aforementioned relationship to one that is between the N-th and the initial

10



iterates.

Proposition 1.2.3. Let f be a function such that f € ffé;(R”) and {(z;, 74, T¢) }Y be the iterates
generated by accelerated gradient descent method to minimize f. If oy = q, Loy < 1/v and
(1 —ay)/ar < yi—1/as—1 for allt =1,...,N, then it holds that

«

Fan) = 56+ DV an,t) « DU p) — f@) 4+ Dy (ag,at). (114)

TN YN O v

Proof. Tt is straightforward to verify that assumptions (1.9)—(1.11) holds and hence we can use

Proposition 1.2.2 to conclude that
— * Qi * — * Qi *
f@e) — f(2") + 7V(xt,x ) < (1 —a)[f(@e—1) — f(z")] + ,Y*V(xt—hx )-
t t
Applying relationship v:(1 — ay) /oy < 44—1/az—1 to the above result, we have

D1 f(@) — fat) + Ven ™) < ST f@ )~ fat)] 4 V(e a)

Qi Qi

A

YL (@) — f(@")] + Viw, 27).

TS

Repeating the above relationship inductively for NV times, we are able to derive that

o) — 1)+ Viwsa?) < S50 — )]+ Vo, a0)

and conclude (1.14). O

With help from the above result, we are now ready to analyze the convergence properties

of Algorithm 1.2.2.

Theorem 1.2.2. Suppose that f is a function that belongs to function class S"i’;(R”), and that
{(zy, 2, %) } are the iterates generated by accelerated gradient descent method with parameters

ar=¢q =2/(t+1), v+ =1t/(2Ly). Then we have

AL;

f(EN) - f(x*) < m‘/(l‘o,x*)

11



Proof. By the choices of oy, g, and ¢, we have that ay/v; = 4Ls/(t(t 4+ 1)) and it is easy to verify

that the assumptions of Proposition 1.2.3 hold. Thus by Proposition 1.2.3, we obtain

(V(@o,a") - Vizy,2%)) < a2

SN+ V(zg,x").

_ " 4L
f@n) - f(x )Sm

Remark from Theorem 1.2.1 that the gradient evaluation complexity of accelerated gradient
descent method for computing an approximate solution of problem (1.3) is O(1/4/¢), which is better
than that of the gradient descent method and is optimal for function value difference minimization
(see, e.g., the lower complexity bound analysis in [20, 24]). We will incorporate such acceleration
strategy in our algorithm design later in Chapter 2. However, note that the gradient evaluation
is performed at a different point than the output approximate solution in each iteration of the
accelerated gradient descent method, which is less convenient for gradient norm minimization. We
will elaborate on algorithm design and complexity analysis for gradient norm minimization later in

Chapter 3.

12



Chapter 2

Exact matrix-vector multiplication
complexity for kernel projection
and its application on distributed

consensus optimization

Motivated by the consensus problem in distributed optimization, in this chapter we study the
problem of computing a matrix kernel projection of a vector, when the matrix is not known, but its
matrix-vector oracle is accessible. We first study this problem from three perspectives: the control
perspective, the optimization perspective, and the linear algebra perspective. From the control
perspective, we find that a previous method in control literature converges slower than it is claimed,
as its best linear convergence rate has an additional logarithmic term in the worst case. From the
optimization perspective, we derive a novel first-order method based on the accelerated gradient
method, which has a linear convergence rate that is optimal in the order. From the linear algebra
perspective, there has been known study of exact oracle complexity for solving a linear equation
provided with the same matrix-vector oracle, but such result is not readily applicable to our problem
of interest. Here we use the term “exact complexity” to emphasize that not only the complexity is

optimal in order, but also the constant appearing in the complexity bound is unimprovable. Based
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on our observations from the three perspectives, under a linear span assumption, we propose a novel
iterative method which attains the exact oracle complexity for our problem of interest. In the realm
of general methods, we provide an exact lower complexity bound under the assumption that the

dimension of our problem is sufficiently large.

2.1 Introduction

The problem of interest in this chapter is the following kernel projection problem:

1
gel%&% in—uH2 subject to Az = 0. (2.1)

Here we assume that A is symmetric and positive semi-definite and our goal is to compute an
Euclidean projection of vector u to the kernel space of A, denoted by ker A. The problem above
clearly has a unique optimum, which we denote as x*, the orthogonal projection of u onto ker A. Our
goal is to compute an e-solution z such that ||z — 2*|| < e. The above problem is motivated by the
distributed consensus problem widely studied in optimization and control literature. Specifically, we
have m-agents with their respective u(?’s hoping to reach a consensus by solving problem

1 ,
in - —u®2. 2.2
yrgg}ﬂ;\\y ul?| (2.2)

To solve the above problem, the agents are only able to communicate with each other through a
communication network § = (V, €). At each time-step, an agent is only able to communicate with

its neighboring agents. In order to solve problem (2.2), it is a common approach to reformulate it

to
1 2 .
min — ||z — u||* subject to (W ® I)x = x, (2.3)
z€ER™ 2
where n = md, v = ((uM)T,..., (u™)T)T € R, I, is the d x d identity matrix, ® denotes

the Kronecker product, and W € R™ x R™ is a symmetric positive semi-definite matrix that is
determined by the network topology. The assumption on W is that its largest eigenvalue is 1
with multiplicity 1 and associated eigenvector 1,, := (1,...,1)T € R™. With such assumption of

W, if we denote x = ((z™)T,...,(z™)T) € R® where () € R? for all i, then the constraint
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(W ® I4)x = x enforces that all components 2(9)’s are the same, i.e., that the agents have consensus
M = ... = 20" Indeed, any symmetric positive semi-definite W that satisfies the aforementioned
eigenvalue and eigenvector assumption can be used for enforcing the consensus constraint; any W
that satisfies such assumptions are usually referred to as a mizing matriz. For some examples of
mixing matrices, see, e.g., [27]. The formulation (2.3) is clearly a special case of our problem of

interest (2.1) with A:=1, — W ® I;.

2.1.1 Notations

We denote the kernel and image space for a matrix A € R"*" as ker A := {x € R"|Ax =0}
and im A = {y € R"|y = Az, © € R"}, respectively. For a symmetric matrix A with eigenvalue
decomposition A = UAU T where U is an orthogonal matrix and A is a diagonal matrix, we denote
|A| :== U|A|UT, where |A] is a diagonal matrix whose entries are absolute values of that of A. If A is
in addition positive semi-definite A, we denote A% := UA®U T, where the power function (-)* acts
element-wisely on the entries of A. We assume that the largest and smallest nonzero eigenvalues of
A are ¢ and o, respectively. We use || - || to denote the Euclidean norm on vectors or the spectral
norm for matrices. For any positive integer n, we use I,, € R™*"™ to denote the identity matrix. The

i-th standard basis vector is denoted by e; := (0,...,0,1,0,...,0)".

2.2 Three perspectives associated with the problem

In this section, we provide three perspectives on studying the kernel projection problem (2.1).
First, we study the problem from the control perspective, following the result on linear iterations
for distributed averaging [16]. Second, we study the problem from the optimization perspective by
reformulating it as a least squares problem and solving it using a first-order method in [24]. Third,
we study the problem from the linear algebra perspective, following the exact complexity analysis
for solving linear systems in [21]. We will point out the possibility for small improvements in each
perspective. With the small improvements, we will show in the next sections that by modifying and
associating the results in the three perspectives together, we are able to develop the exact matrix-

vector complexity for problem (2.1) and obtain a new result on distributed consensus optimization.
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2.2.1 The control perspective

In this subsection, we discuss our problem of interest (2.1) from the control perspective,
following the analysis on distributed consensus optimization in [16]. The goal of [16] is to design
a weighted averaging type iterative algorithm for solving the consensus problem (2.2). In each
iteration, it is assumed that each agent will use the mixing matrix W to update its local variable
2. For example, the simpliest consensus update scheme is xEQl = Wxgi), where xiil and xii) are
the local variable z(*) in iterations t 4+ 1 and t, respectively. The authors in [16] propose to study
the weighted averaging type algorithm of form xEQ =(g+ 1)Wx,(f) — gxgi)l and study the best
weights g € (—1,1) for achieving the fastest convergence to consensus. Note that using our notation

of A=1, — W ® Iy, such weighted averaging type algorithm becomes
i1 = (g+ )T, — A)xy — gay—q, t>1. (2.4)

The core concept behind the analysis of [16] is to study the fix point iteration properties
of algorithm in (2.4) and the best choice of parameter g. In [16] the authors first proved that this

algorithm converges to the optimal solution when g € (—1,1):

Proposition 2.2.1. When applying iteration (2.4) to solve problem (2.2) with initial iterates x; =
xo = u, the iterates x; of converges asymptotically to the optimal solution of problem (2.2) if and

only if g € (—1,1).

Our focus throughout this subsection is to review the analysis of [16] on the convergence of
algorithm in (2.4) and establish an explicit matrix-vector multiplication complexity.

Clearly the system (2.4) will give an 2* € ker A if it has a fixed point, e.g., 2* = (¢+1)(I,, —
A)x* — gz* and hence Az* = 0.

In order to study the fix point iteration property of the algorithm in (2.4), the authors of
[16] reformulate it as a linear system of form z;1; = Bz; and study its eigenvalue and eigenvector

properties:

Tiil g+, —A) —gl, x
Zpa1 = ] Bz = ! . (2.5)

Tt In 0 Tt_1
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x*

Clearly, fixed points of the above system is z* = where z* is a fixed point of system (2.4).
x*

The matrices B and A are related in the following way:

Proposition 2.2.2. The characteristic polynomials of B and A satisfy that det(\lz, — B) =
det[(A2 — g\ — A+ g) L, + Mg + 1)A]. Moreover, for each multiplicity of eigenvalue p € [0,1] of

A, the complex pair Ay and A_ of form

Ap =

(9+ D1 —p) £vV-1\/4g — (g + 1)2(1 — p)?
2

contributes to one pair of eigenvalues of B. Specifically, Ay are solutions to the quadratic equation
—(AN2—gh=A+g)=pulg+ 1A (2.6)

with respect to \. As a consequence, the second largest absolute value of the eigenvalues of B is

(9+1)(1—0)+ (5“)2(1,0)2,49 if —1<g<g*
p(g) =
NG ifg<g<l

Here g* = (1_7 V2‘7_02)2.

1-0o

Proof. We study the relationship between the eigenspaces of B and A by relating the matrix poly-

nomial below,

det(May, — B) = det Mo =g+ Dn=4) gln
~I, A,
= det(A\I,) det[\,, — (g + 1)(I, — A) — gL, (\,,) " (—1,,)]
= det(Al,)det[(A—g—1+g/\) I, + (g + 1)A]
= A"det[(A — g — 1+ g/N I, + (g + 1)A]

=det[(A\* — g\ — A+ g) ], + Mg + 1) A].

Here the second equality follows from the Schur complement of the lower right block, and the rest

of the equalities follow from properties of matrix determinant. Notice that the behavior of system
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(2.5) relies completely on the spectral radius of B, or more precisely, the maximum absolute value
of eigenvalues of B which are not 1, and the corresponding eigenspace.

Clearly, for any eigenvalue u € [0, 1] of A, the solutions

\o gD -m Vg + 1A -p)’ =49 _ (g+ D —p)+ V=149 (9+1)*(1 - p)*
2 2
of quadratic equation _,\2—A(,++—1,\)+g = p with respect to (w.r.t.) A give a pair of eigenvalues of B;

e.g., when g = 0, we have A\ € {1,g}, where A\ = 1 acts as an identity map on its eigenspace of
system (2.5), and A = g acts as a contraction on its eigenspace of system (2.5). Due to the fact that
these solutions are both positive or both complex, and hence the monotonicity of |A| w.r.t. p, the

maximum absolute value of eigenvalues of B which do not equal 1 is

(g+1)(1—0)++/ (29+1)2(1*0)2*49 if (g+1)2(1 —0)2 > 4g
rlg) = s
(g+1)(A-0)++/ (2g+1)2(1*0)2*49 if —1<g<g*
V9 ifg*<g<1
because |A| is monotonic w.r.t. pu. O

The above proposition is a more detailed description of the results in Lemmas 1, 4, 5 and
Proposition 3 in [16]. Clearly, the value of p(g) is the smallest with p(g*) = /¢* = %@ when
g = g*. Based on the observation of the g value that yields the smallest p(g), it is concluded in [16]
that such a choice of g is the best choice for the consensus algorithm in (2.4).

The convergence rate of algorithm in (2.4) is not discussed in [16]. Below we extend their

results by providing the convergence in terms of ||z, — z*|:

Theorem 2.2.1. The algorithm in (2.4) satiesfies that

N tp(9)'O(V)[ju —a*|| if g =g
ze41 — 2| =

p(@)O)u—a*|| ifg#g", -1<g<l
Proof. Tt is important to note that, even if A is symmetric and admits an orthogonal diagonalization,
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it is not the case for B. In fact, Liu and Morse showed Lemma 1 in [16] that, if (2.6) holds, (p,a) is
an eigenvalue-eigenvector pair of A if and only if (A, [a",a’ /A]") is an eigenvalue-eigenvector pair
of B.

Indeed, compute

a M, —(g+1)(I,—A) I, a
on—m | - (9+1)(In— A) L
b -1, A, b

we must have that a = Ab from the second row, and substitute into the first row and obtain [(A—g—
14+g/M)I,+(g+1)Ala = 0. Note that (2.6) holds, the above equation becomes (g+1)(—ul,+A)a = 0,

a a
ie., (I, — A)a =0, (i, a) must be an eigenvalue-eigenvector pair of A. Hence = is the

b a/A

only eigenvector which associates to (i, a) of A. This means (i), if (2.6) has no repeated solution for
all eigenvalues p of A, then B is diagonalizable; and (ii), if (2.6) has repeated solutions Ay = A_ for

some eigenvalue p of A, then B is NOT diagonalizable, as it has a 2 x 2 Jordan block of the form

A
. It is also important to note that in the case g = g*, Ay = A_ give a pair of repeated root

0 A
Vot
0 Vg

Hence we have two kinds of vectors in the eigenspace of B for a pair of A1, (i) an eigenvector

for each multiplicity of u = o, which results in a Jordan block of the form

v such that Bv = Av for A € {A4}, or (ii) a vector w such that (B— I3, )w = v for some eigenvector v
which satisfies that Bv = \v. Then for case (ii), clearly Btw = Mw+tA\'"1v = Nw-+tA = (Bw—\w)
for all ¢ > 1; here it is expressed in terms of w for a simplified notation by omitting v.

Let us introduce the Jordan decomposition B in B = V.JV =14, where V is an invertible
but not necessary orthogonal matrix, .J is the block diagonal matrix which consists of either 1 x 1 or

U
2x 2 Jordan blocks, and 4 = . Furthermore, denote y := V=14 € R?",ie., 0t = Vy = 2321 Y;iVj,
U
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where v; is the é-th column of V. Hence for the algorithm in (2.4),

2n
Zt41 :Btzl = Bt’[j, = Zijthj
Jj=1

= Z ijt’Uj + Z ijtUj

j:v; eigenvector j:v; non-eigenvector

= > yde+ > yi[Njuy + AT (Boy — Ajuy)]

Jiv; eigenvector j:v; non-eigenvector

2n

= YN+t > YA (Buj — Ajuj)
j=1 j:v; non-eigenvector

The convergence of z;11 relies on the spectral radius B, thus the limit z* of the z-trajectory is exactly

y;v; for v; being the eigenvector associated with A\; = 1. By computing z;41 — 2*, all remaining

eigenvalues have absolute values strictly less than 1, therefore

lov =2 = || > wvs
JiX#L
and, more generally,
||Zt+1 — Z*H = Z yj)\z-’l)j +1 Z yj)\;fl(ij - )\j’l}j) ‘
Jixi#1 j:v; non-eigenvector
< Y Myl + ¢ > ly; A5 (Buj = Ajo5)]|
JiAj#L j:v; non-eigenvector
<p(9)" Yyl +tp(g) ™" > ly;(Buj — Aj05)
JiAj#1 j:v; non-eigenvector

=tp(9)" O(1)||lz1 — 2"

Here the first inequality is triangle inequality for vector norm, the second inequality follows from
the definition of p(g). For the last equality, note that if B is diagonalizable for a particular choice of

g, then the second summation involving non-eigenvectors will not exist, then the bound reduces to

lze1 = 21 = p(g)" O(1)||21 — 27]].

Finally, by definition, ||z;y1 —2*| < ||2¢41 — 2*]|, and ||z1 — 2*|| = v/2||u — 2*||, we can translate the

results in terms of x. O
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From Theorem 2.2.1 we can observe that the number of matrix-vector multiplications in
order to obtain an e-solution is of order Q(\/g log (£ log 1)), which is optimal in order but converges

slower with a double logarithm.

2.2.2 The optimization perspective

In this subsection, we study our problem of interest (2.1) from an optimization perspective.
Specifically, we show that the Lagrangian dual problem of (2.1) can be formulated as a convex
quadratic program and solved by gradient based methods, e.g., the accelerated gradient method
[23] (see also [24, 11]). We show that linear convergence can be established by observing the strong
convexity of the dual problem in im A. Our analysis follows that of [11] and adopting the analysis
in [24].

It should be noted that the kernel projection problem is equivalent to

m]in *HJ} — u||? subject to A2z =0, (2.7)
e n

The equivalence of problems (2.1) and (2.7) is straightforward by observing that ker A = ker AY/2.
The above problem (2.7) can also be equivalently formulated as the following saddle point problem
with primal vector x and dual vector z:

min max f||:1: —ul* + <A1/2m z> = max min f||x —ul]® + <A1/2x,z> . (2.8)
TER™ z€R™ zER™ zeR™

The equivalence between the above reformulation and the original problem (2.1) is trivial: whenever
A2z # 0, the maximization problem associated with z will be unbounded.

Consider the equivalently formulated Lagrangian dual problem (2.8). The saddle point
(z*,2*) of (2.8) satisfies * — u + AY/22* = 0 and AY/2z* = 0. Therefore, to compute an optimal
solution, we may simply maintain the relation z = u — A/2z for any solution pair (z,2). Applying
such relation to (2.8) and change the maximization with respect to z to minimization for convenience,

we obtain the following dual problem:

1
21141/2, 2 _ Ay 2
rrel]g}b HA — | 2||uH . (2.9)
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Note that as long as we obtain a dual optimal solution z* for problem (2.9), then z* := u — A2
is immediately an optimal solution to the kernel projection problem (2.7).

The dual problem (2.9) can be solved numerically through any gradient-based algorithm,
e.g., accelerated gradient descent method [24]. Unfortunately, the gradient of the objective function
in problem (2.9) at any z is Az — AY?u, in which the information of A'/2u may not be readily
available to us. However, we will show that by implementing a non-Euclidean version of accelerated
gradient descent method (see, e.g., [11]), we are able to compute approximate solution &; to the
kernel problem (2.7) without requiring any information on A'/2. Specifically, introducing a change

of variable vector w := A'/2z in problem (2.9), we can reformulate it equivalently as

. 1 5 1 )
pemin, d(w) = g lhw =l = Sl (2.10)
We propose to use accelerated gradient descent method with prox function V(wy, ws) := %H A=Y2 (wy —

wg)||?. Our algorithm is described in Algorithm 2.2.3.

Algorithm 2.2.3 Accelerated gradient descent method
Require: Initial point Wy € R", v € [0,1], 8> 0, ¢ >0, § € [0, 1]

Set WO = Wo.
fort=1,...,N do
Compute
w; =(1 — 7)1 + ywi—1,
1
w; = argmin {[(Vd(wt),w> + BV (we, w)] + V(we—1, w)} ,
weR™ q
wt :(1 — f)wt—l —|— §wt.
end for

Output approximate solution Zy.

Here our prox-function V : X° x X — R_ is defined with a continuously differentiable
function v that is strongly convex with respect to Euclidean norm on X°. For example, if we
choose X = R", X° = imA and v(X) = 1/2||A~'/2X||2, then we derive a prox function V(z,y) =
1/2]|A=12(@ - )2

The convergence properties of the accelerated gradient method is well-known in the litera-
ture; in this chapter we adopt the description in [11]. Specifically, by Theorem 3.7 in [11], we have

the following result:
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Proposition 2.2.3. If function d is strongly convex with respect to the prozx function V, and the

parameters in Algorithm 2.2.3 are chosen to be f = o, § = \/F, 7 = 1%, q = 0(15_5), then the

approximate solution T satisfies
d(dy) — d(w) < (1 =N [d(o) — d(w) + &(0 + @)V (w,w)] .

By definition of d(w) in (2.10), if @, — w € im A, d(dy) — d(w) = L[|, — w|? for any

t=0,...,N. Then for (2.10), Theorem 3.7 in [11] becomes the following proposition.

Proposition 2.2.4. Ifw,, W, we, t =0,..., N are iterates of Algorithm 2.2.3, and =0, { = \/%,
v = 1%, q= %, then for any w € imA, the approximate solution Ty satisfies
- 2 Ny 2

Sl —wl? + oV (wy1,w) < (1 =V | 3lito — wll? + oV (w,w)|

Furthermore,

i~ wl? < (1- ) [;w -t +av<w1,w>} | (2.11)

To apply the above result, it suffices to demonstrate that d is strongly convex with respect
to the prox function V' defined in (1.8). To prove this strong convex result, we need to make use of
the following lemma.

We can see directly from the definition of A'/? that since w = A2z, w € imA'/? = imA.

The strong convexity of d proved in Lemma 2.2.2 follows immediately from Lemma 2.2.1:
Lemma 2.2.1. For any x € im A, we have
2 2
o HA’I/Q;EH < |z < éHA’l/%H (2.12)

Proof. Since A=UAUT, for any « € im A, « € im U, there exists y, z such that z = Uy, v = Az =
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UAU Tz Hence x =Uly=UU"Uy=UU"z,and UTax = AU "z € imA.

l|z||? =" UUTUUTX =2 UU "

—2TUA VAN 2U T2 427U (I — A‘l/QAA‘l/Q) UTz
(2.13)
=z UANYV2AN2U Ty

€ [oIA"2U |2, A 2 Ta 2]

Here we have the third equality derived because A is a diagonal matrix and I — A=Y/2AA"Y/2 ¢
(imA)*.

We observe that in (2.13), [|[A~Y2UTz||? = 2 TUAY2UTUAY2U T = 2 TA-V2 A2 =
|A=1/2z||?, then (2.12) is obtained. 0O

Lemma 2.2.2. The dual problem (2.9) is strong convex on imA with proz function V(wq,ws) 1=

SIATY2 (wy —ws) |2

Proof. For any z1, zo € im A, there exist wy, ws, and o > 0 such that wy = A2z, wy = AY/22,.
By (2.10) and Lemma 2.2.1, d(w;) — d(ws) — (Vd(ws), w1 — w2) — oV (wi,wa) = 1wy — wol*> —
ZI| A=Y (w1 — w)||? > 0. In other words, the dual problem is strongly convex with respect to the

prox function V(wy, ws) := 1[|A7Y2(w; — wy) |2 O

It should be noted that we choose the prox function V' as an operation norm defined by
operator T : R” — imA, T'(x) = A~/2x (instead of the trivial Euclidean version under which d is
trivially strongly convex) for the sole purpose of avoiding the requirement on knowledge of A/2.
Indeed, we can show that the accelerated gradient method in Algorithm 2.2.3 can be described
equivalently as in Algorithm 2.2.4. Although they are equivalent, to distinguish their different
descriptoins, we denote Algorithm 2.2.3 and 2.2.4 by AGD and AGD2 respectively.

Recall that our purpose is to solve the primal problem of x. Following directly from (2.11),

Therom 2.2.2 showed that Algorithm 2.2.4 converge linearly with respect to ;.

Theorem 2.2.2. If we have that 8 =0, { = \/F, v = %E and q = U(lgf), then Algorithm 2.2.4
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Algorithm 2.2.4 An equivalent description of accelerated gradient descent method (AGD2)

Require: Initial point £ = u — wy € Ry, Wo, wo, wy € im A
fort=0,1,...,N do

w;, = (1 =)W1 + yws—1,
Ty = U — Wy,
1
Wy = Py q(qawt + qui—1 + Axy),
Wy = (1 = &)wy—1 + Ewy,

QATt:U—’UAJt.

end for

has a O (\/zlog ;) complexity with,

N
low =P <2(1-Va/l) i - 2" (2.14)

Proof. By definition of d(w) in (2.10), since Wy — w* € im A4, d(dy) — d(w*) = ||y — w*||%. Let

w = w* in (2.11), we obtain

Jin —w|? <1 — N [[ldo — w|? + 20V (wy,w)] .
= (1= Vi) [l — w* | + o} A2y — w) ]
<2 (1= /ab) " [io - .

Since Wy = u — &, t = 0,1,..., N and w* = u — z*, the above inequality becomes (2.14). Without

loss of generality, we can define w® = w® = w1 = 0. 0

Remark that Theorem 2.2.2 shows an e-approximate solution is obtained with O (\ /l]ologl/ 5)

matrix-vector multiplication complexity.

2.2.3 The linear algebra perspective

From the optimization perspective described in the previous subsection, we observed that

our problem of interest (2.1) has a dual problem (2.9) with respect to dual variable vector z. The
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optimality condition of the dual problem is
Az =b where b:= A2y, (2.15)

As mentioned in the previous subsection, the information of b is not readily available. However,
if we assume that we know the value of b, it suffices to solve the above linear system to compute
an approximate dual optimal solution. Moreover, the iteration complexity theory on solving linear
systems has already been well developed thanks to [21]. In this subsection, we describe the results in
[21] concerning the complexity for solving the linear system (2.15) by matrix-vector multiplications
concerning A.

As described in the introduction, in complexity analysis we are interested in both the upper
and lower bounds, where the upper bounds are established by analyzing the convergence properties
of numerical methods, and the lower bounds are established by constructing worst-case instances.
Concerning the complexity analysis on solving the linear system (2.15), the numerical methods of
interest are methods that only utilizes matrix-vector multiplications, and the worst-case instances
would be the worst possible choice of matrix A and b in problem (2.15). To better describe the core
idea in [21], we deter the technical discussion on general matrix-vector multiplication methods and
make a further simplification that the numerical methods of interest are Krylov subspace methods,

namely they have iterations in the linear span:
2z € span{b, Ab,. .., A'b}.

Note that the above assumption is equivalent to z; = ¢(A)b, where ¢ is a polynomial such that
deg g < t. The design of a Krylov subspace type method is equivalent to find a proper polynomial q.
Therefore, the complexity analysis for problem (2.15) can be informally formulated as the following
saddle point problem:

inf su Ao — 2.
L dnt s la(p - =

Here z* is an optimal solution to problem (2.15). The above saddle point problem captures the nature
of upper and lower complexity bounds. For the infimum problem, we are interested at designing a

numerical method (namely finding ¢) whose iterate z; has small error ||z; — z*|| in the worst-case.
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For the supremum problem, we are interested at designing worst-case problem instances with A and
b such that the best possible performance among all numerical methods yield large error ||z; — z*||.

Formally, in [21] it is assumed that the problem class for A and b are the following:

V(Z, R) := {(A, b)| positive spectrum of A C 3,
Az*(A,b) =b,2"(A,b) € im A, ||z*(A,b)|| < R.}

The main result of [21] indicates that the best worst-case approximate linear span method, which
realizes its worst-case approximation error for some problem instance, will be the best amongst all
deterministic methods in terms of the worst-case error, as long as the problem dimension n at least

doubles the maximum number of iterations.

Proposition 2.2.5. Let ¥ be a compact set, then for each t,

s, sup 1(g(A)A = In)z"(A, b)]| = Rmax [p" (t)].

The best linear span method can be determined by Chebyshev polynomial, when ¥ is a
closed interval that is strictly positive; see [19] for a reference:

Lemma 2.2.3. Let ¥ = [o,{], then p*(t) = Tk11 (%)/Tk.’.l (ﬁ—g), and

q ()= (TkJrl(%)/TkJrl(%) - 1) /t.

It should be noted that our discussion in this subsection does not apply directly to our
problem of interest, since in the linear system (2.15) the value of b = A2y is not available. Moreover,
there is a drawback in the above results of [21] for practical implementation since the total number
of iterations k should be fixed in priori. However, we will show in the next section that we can adopt
the technique in [18] to solve our problem of interest by making some modifications. Moreover, for

our problem, our analysis does not require knowledge on the total number of iterations.
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2.3 Exact complexity under a linear span assumption

In this section, we prove that the lower complexity bound for solving problem 2.1 is able
to be obtained by Chebyshev method. Specifically, for any algorithm methods which are in the
linear span of (A4,u) we design a worst-case problem of problem (2.1) such that the total number
of matrix-vector multiplications required by this algorithm when solving problem (2.1) has to be

greater than or equal to

log (R -+ VR = 2)/¢) /1og (VI +a)/ (Vi - V7))

Therefore, the lower complexity bound is in the order of € (\/E /o log(R/ 5)) Such complexity is
obtained by our proposed Chebyshev method. Moreover, the proposed algorithm achieves not only
the optimal complexity with respect to order O <«/€ Jolog(R/ 5)), but also the optimal complexity

with respect to the constant leading the logarithm.

2.3.1 Lower complexity bound under linear span assumption

In this subsection, we consider the lower oracle complexity bound for the following con-
strained optimization problem (2.1) where A is a parameter matrix of size n x n such that AT = A,
|A|] = ¢, and the smallest nonzero eigenvalue of A is o > 0; u € R™ is a parameter vector. We define
such problem as P(A, u).

In P(A, ) of problem (2.1), the optimality condition is as follows,

¥ (Au) —u+y* (Au)=0
Y (A u) = Az* (A, u) (2.16)

Az (A,u) = 0.

Note here that u = x*(A4,u) + y*(A,u) is the unique decomposition with respect to the direct sum
R™ = ker A @ im A. We define the accuracy of x as an approximate solution to problem P(A,u) by
e*(z, A, u) = ||z — x* (4, u)].

Oracle Assumption. Assume when solving P(A, u) of problem (2.1), u is explicitly given, but A

is not, and at each step we can perform multiplication Av at any v € R™ of our choice.
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Define the Problem Class of interest

U(X, R) == {P(A, u)| positive spectrum of A C 3,
(2.17)
y (Au) € im A, [ly" (A, u)|| < R.}

We fix compact set ¥ C R which consists only positive values, e.g., ¥ = [0, ¢], and let t > 0
be an integer. Define

5(t, %) = i . 2.18
(t,%) pdegllin | THAX lq(s)] (2.18)

Recall that in this section, we only consider the methods which are in the linear span of (A, ), i.e.,
the t-th approximate solution (what the method returns after ¢ multiplications of A and recursively
computed vectors) x; € u — span{Au, ..., Alu}, where t is the iteration counter. In other words,
x¢ = q(A)u where ¢ is a polynomial such that degg < ¢ and ¢(0) = 1. Let gs(s) be the optimal
solution to the above problem §(¢,%). Let My be the method such that, as applied to P(A4,u), it

queries at points u, Au, A%u. .., recursively computes Au, A%u, A3u, ..., and returns the points
(A, u) = gs 1 (A)u

as approximate solutions.

By (2.16), we have that z; = *(A4,u) + q(A)y*(A,u) and e*(x, A,u) = ||z — 2*(4,u)| =
lg(A)y* (A, w)||. We formulate the problem of finding the “best” method which gives the “worst-case
guarantee” as follows:

inf sup ||z — 2% (A4, u)]|]?

q: deg q<t, q(0)=1 p(A u)eU

m

= min max a;)b;)?
q:deg g<t, q(0)=1 a€X™, beR™, m<n: ||b[|<R ;(C]( l) Z) (2 19)

= min max  max R?*(q(a;))?
g:deg q<t,q(0)=1 a€X™,m<n i=1,....m

_R? ~ a 2
q: deg qnglglq(O):1 I?GX}I( (q(s))

The first equality holds because when A = UAU " is diagonalizable, ||q(A)y* (A, u)|| = ||q(A)(U Ty* (A, w))]],
IUTy*(A,u)|| = ||y* (A, u)|, hence it all boils down to the positive eigenvalues of A.

By standard uniform polynomial approximation (see cf. [20], Exercise 12.6.2), we have the
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following lemma, which indicates that as long as n > t + 1, the last equality of the above holds.

Lemma 2.3.1. A polynomial q is optimal to

i a
q: deg qnglglq(O)ZI I?E% \q(s)|

if and only if there exists (t + 1) points ag < ... < ay in X such that

g(a;) = (=1)"max |q(t)|, or q(ai) = (=1)""" max |g(s)].

In the case that ¥ = [0, ¢], the optimizer polynomial is based on Chebyshev polynomial 7}

of degree t:

0 () =T (I (),

where

cos(t arccos s) se[-1,1]
Ty(s) = (2.20)
(s = Vs2—=1)  + (s +Vs2—1)!] otherwise

Hence the method we propose is

Based on the property of Chebyshev polynomials and the chain of equalities (2.19), we note
that the problem P(A,u) which produces the maximum worst-case error, regardless of the method

polynomial ¢, satisfies that

{A>0:Xis an eigenvalue of A} D {%[(L +o0)—(L—o0)cos(jm/t)]:5=0,...,t}

note that the above enlisted eigenvalues are all maximizers of |T,(“2=22)).
Note that Chebyshev polynomial satisfies that To(s) = 1, Th(s) = s, Tr+1(s) = 2sTi(s) —
T;_1(t) for all t > 1, we have recurrence Algorithm 2.3.5.

Here the sequence z; = Tt(gf—gln — ﬁA)u is always well defined, because the eigenvalues
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Algorithm 2.3.5 Chebyshev method

Require: Initial point g =u € R™*, { >0 > 0
{+o 2 A
u.

Ay
fort=1,...,7 do

T1

{+o 4
Tpp1 = 25—y — ——Axy — 141,
{—o {—0o
VI—\/o\t
_ )
¢ VI—Vayar | ¢
(\/Z+\/E) +

=

end for

of ﬁf—gln — 2 Aareallin [-1,1].
We prove in this subsection that the lower complexity bound for solving problem (2.1) is
able to be obtained by Chebyshev method. In the following section, we will explicitly provide the

convergence analysis of Chebyshev method.

2.3.2 Chebyshev method

Recall that without loss of generality, we can assume that ||A|| = ¢ and the smallest nonzero
eigenvalue of A is 0. Also we can perform decomposition of vector v as u = z* + y*, such that
Ax* =0 and y* = Az* for some z*. In other words, y* € im A, x* € ker A. Decompose the matrix A
as A = UAU " with matrix U orthogonal. A is a diagonal matrix and diagonal entries are eigenvalues
of matrix A. Since * € im A and x* € ker A, we have that U Ty* € im A and U " z* € ker A. Assume
that ||y*|| = ||lu — 2*|| < R. We have the optimal Algorithm 2.3.5 solving 2.1 equivalently expressed
as Algorithm 2.3.6.

Algorithm 2.3.6 Chebyshev method
Require: Initial point £ = u € R™
fort=0,1,...,T do

xy = u— P(A)Au.

end for

The convergence analysis of Algorithm 2.3.6 for solving Problem (2.1) is provided in the

following theorem,
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Theorem 2.3.1. Let {x:}}Y, be iterate of Algorithm 2.5.6 for solving problem (2.1). If the polyno-

mial P is defined as

P(s) = é [Tt (if;) -7 (‘”6‘7__02“")} /T, (ﬁf;’) Vs € [0, 4], (2.21)

where Ty is the Chebyshev polynomial defines in (2.20), then we have

{+o
T; .

Proof. Combining the above with 2 — 2* = u — P(A)Ay* — 2* = y* — P(A)Ay* and ||y*|| < R, we

[ —2*|| <R/

have that

lze — 27| =lly* = P(A)Ay*|| = |UUTy* = UAP(A)U T (2" + ")
=|UU Ty* = UAP(MU Ty*[| = |UTy" = AP(MU Ty (2:22)

<NUTy |- 117 = APA)]| < R - |[1 = AP(A)]].

Let A be a matrix with eigenvalues aV,...,a(™0,...,0, such that o) € [0, ], fori = 1, ...,m.

Then by (2.22), we have that

|z, — 2> < max max R%*(1—aPP(a?))? < max R*(1— sP(s))?
a€lol]™ i=1,....,m s€lo,4]

Thus to find the upper bound of ||z; — 2*(|, it is suffices to solve max,c(y,q R|1 — sP(s)|. In other

words,

loy — || < rn[a); R|1 — sP(s)]. (2.23)
s€

)

By definition of P in (2.21), P satisfies

1= sP(s) =T, (W) i (ﬁ) Vs € [o,4]. (2.24)

By the previously aquired inequality (2.24), we have that

{4+ o0 —2s {+o
n (0 (£5)
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[1—sP(s)| <

, Vs € [0, 4. (2.25)




With t < m + 1, consider a’ such that

a' =arg max
s€o,4]

Tt(€+0 )
7, (54—0—23)‘.
{—o

By the definition of Chebyshev function (2.20), we have that

de)

=arg max
s€lo,4]

o {é—ka—(ﬁ—a)cos(j:)], =0, .t (2.26)

l\J\»—A

And when (2.26) satisfies,

{4+ o0 —2ad
()

and thus by (2.25) for any s € [0, £], we have that

() e

Combining (2.27) with (2.23), we have the upper bound of Algorithm 2.3.6 as

{+0o
T )

11— sP(s)] <

|z — z*|| < max R|1 —sP(s)| <
s€lo,l

s

)

t t
Observe from the previous theorem that since 1/7; (%) € [1 ( v Z/U_1> , < v UU_l)

2 l/o+1 l/o+1

we have that the upper bound of ||x; — x*|| lies in

H() ()

Specifically, observe from Theorem 2.3.1 and that to obtain an approximate solution such that
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|z — 2*|| < &, the total number of iteration N satisfies

R_1 MN+ Vi-va\"
e 2 |\Vi-o Vi+ o

Vit
Vi

Vi+ /o N_R R?
<M> —etVe b

This gives the exact total number of matrix-vector multiplications required by this algorithm when

B

N
Noting that the above is a quadratic equation in terms of ( ) that is greater than 1, we can

D

derive that

solving P(A, u) has to be greater than or equal to

N =log <(R—|— V R? —62)/6) /log ((\/Z+ Vo) (V- ﬁ)) )

Remark that in the previous subsection we proved that the lower matrix-vector multiplications com-
plexity is obtained exactly by Chebyshev method in Algorithm 2.3.6. Thus the upper matrix-vector
multiplications complexity bound of the proposed algorithm, in the order of O (\/ﬂ/;alog(R/s))7
matches exactly with our lower complexity bound. More specifically, the proposed algorithm achieves
not only the optimal complexity with respect to order, but also the optimal complexity with respect

to the constant leading the logarithm.

2.4 Lower complexity bound analysis for general determin-
istic methods

In this section, we consider more general deterministic methods for problem P(A,u) of
problem (2.1) which are not necessarily in the linear span of (A, u).

For each deterministic method M solving problems from a collection U of problems based
on the oracle assumption, we let zy(¢, A, u) denote the t-th approximate solution (what the method

returns after ¢ multiplications of A and recursively computed vectors), then the worst-case accuracy
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measure w.r.t. collection U is

E(Mvta u) = Sup 6*($M(t,A,U),A7U),
(A, u)eU

and the best possible worst-case accuracy is
e(t,U) = i&f e(M, t,U).

Define the Problem Class of interest

U(3, R) == {(A, u)| positive spectrum of A C ¥,

y*(A,u) € mA, [ly"(A,u)| < R.}

Fix compact set ¥ C R which consists only positive values, e.g., ¥ = [0, ], and let ¢ > 0 be
an integer. Define

0(t,X) = i a
(t,%) pdeg D TAX la(s)l,

where ¢ is a function describing M. Let ¢x ¢(s) be the optimal solution to the above problem. Let
My, be the method such that, as applied to (A,u), it queries at points u, Au, A%u. .., recursively

computes Au, A%u, A3u, ..., and returns the points
21(A,u) = gz (A)u (2.28)

as approximate solutions.
Let Hy C H; such that H; = span{xz*} ® Hs and that 2* L Hy. To compute the worst-case
accuracy measure, we first introduce the following lemma that shows the approximate solutions are

able to be decomposed as a sum of a point on a Krylov space and Hs.

Lemma 2.4.1 (Main Lemma). Let M be an arbitrary deterministic method solving problems from
Wg, let 2t < n—3. Then there exists an orthogonal matrix V- € R™*™ Vu = u such that the following
holds:

R(t,V): the t-th approzimate solution x; found by M as appied to (VAgV' T, u) lies in

Gy = E, (VAW u) + VH,,
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where Ey(B,b) := span{b, Bb, ..., B'b} is the t-th Krylov space of (B,b) € R"*™ x R",

With the help of Lemma 2.4.1, we are able to show in the following theorem that the

accuracy measure is R (¢, %).

Theorem 2.4.1. Let ¥ be a compact set, then for each t,

e(Ms, t,U(S, R)) < RO(t, ), (2.29)

and for each t < %‘3,

e(Ms, t,U(, R)) = e(t, U(S, R)) > R(t, D).

Proof. Step (a), consider any problem (A, u) € U(X, R), let A= UAUT be its diagonalization, then

le* (wmas: (8, A, u), A, w)|* = [[26(A, w) — 2% (A4, )
= [l(gz.4(0) — D™ (A, u) + gz (A)y" (A, u)|®
= llgs.(A)y" (A, w)?
= [Was (M)W Ty (A, w)?
< llgz.e (M) R?

< R%6%(t,%).

Here the first equality is substitution of (2.28); the second equality follows from optimality conditions
(2.16); the third equality follows from gs (0) = 1; the first inequality follows from (2.17); the second
inequality follows from (2.17) and (2.18), the maximum of which is over entire 3. Since (A,u) is
arbitrary, (2.29) is shown.

Step (b), since {q : degq < t, q(0) = 1} is a vector space of dimension ¢, then there exists
¥’ C ¥ containing at most (¢ + 1) points such that

o(t, ) = i .
( ’ ) q:dcgqnglglq(o)zl I;Ié%]}’{ |q(s)\

Let ¥ = {s1,...,85} be the set of maximizers of the optimal ¢ for some L < ¢+ 1. Let p =
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(1, ..., pr) be some probability distribution such that

L
(%) = min la(si)|?. 2.30
(t%) = omin ;u\q( ) (2:30)

Step (c), let Hy = span{ey, ...,er}, Hi = Hg-. Define Ag € R"*" such that

Aoei = S5;€; 1 S 1 S L7

on:O x € Hy.

Let y* = RZiL=1 p;/gei, and let * € H; be arbitrary so its magnitude can be arbitrarily large.
Further, since Hy C Hy, Hy = span{z*} ® Hy and z* 1 Hj. Define

Up = {(A,u)|A = VAV for some orthogonal V € R"*" such that Vu = u.}

It is evident that Uy C U(X, R): firstly, (Ag,u) € Uy by definition; for any orthogonal V' with

Vu = u, the optimality condition of problem (VAyV'T, u) can be written as

u=V"z*"(Au)+ V' y (A u)
VT (A u) = AV T 2" (A, u)

AV T z*(A,u) =0,

*

hence, by the unique decomposition of u in terms of R” = ker A @ im A, we know z*(A,u) = Va*,
y*(A,u) =Vy* =RV 25:1 ,u;/QeZ-.

We utilize Lemma 2.4.1 to complete the proof of theorem. Let M be a deterministic method,
let (A,u) = (VAgV T, u) be the corresponding problem as in Lemma 2.4.1, then e*(x;, A, u) =
llz:—2*(A,u)|| = ||ze—Va*|| = |V o, —2*|. Sincez; € Ey(VAWV T, u)+VHy, VIE(VAVT u) =

Ey(Ag,u), we know V"2 = w + v, w = q(Ag)u, v € Hy for some polynomial ¢ such that degq < t.
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Note that by definition, R™ = Hy & Hs & span{z*}, clearly,

VT2 — 2% = llg(Ao)u + v — «*]”
= ll(a(0) = Da* + q(Ao)y* +v]?
= (2(0) = 1)l |I* + [lg(Ao)y|I* + [|v]®
L
= (4(0) = D?|l”|* + D R*¢*(si)wi + |0l
i=1

L
> RPP(si)pi s.t. degg < t, q(0) =1

i=1

> R?6%(t, ).

Here the second equality follows from optimality conditions (2.16); the third equality follows because
the three vectors are pairwise orthogonal; the fourth equality follows from (2.30); the first inequality
follows from the arbitrariness of * € H;; the second inequality follows from (2.30). The proof is

therefore complete. O

Remark 2.4.1. In fact from the analysis of any Krylov type algorithm which returns V'x, =
q(Ao)u +v = q(0)x* + q(Ao)y* + v, we notice that it will not be optimal if v # 0, nor in the case

that =* is possibly large, hence the algorithm must have ¢(0) = 1.

Remark 2.4.2. [t is commonly seen in concensus updates that the mixing matriz W satisfies that
W1 =1. In our context where A = I,, — W, it means that 1 € ker A. Although 1 ¢ ker Ay = H,
we can still find an orthogonal matriz V. € R™", Vu = u which makes I, — A = I, — VAV a
mizing matriz. Since ker VAV T = VHy, it suffices to make sure that V1 € Hy. An orthogonal
matriz V€ R™™ which satisfies V'u = u and V1 € Hy is not hard to find, and it has (n — 3)

degree of freedom.
The proof below of the Main Lemma can be moved to the appendix.

Proof of Lemma 2.4.1. Step (i), prove by induction on # that for each ¢ € {0,...,t4 1}, there exists
an orthogonal V; € R"*" Viu = u, and an {-dimensional subspace H tc H; such that the following

holds:
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R*(, V3, H?): the points z(1),...,z(f) at which M queries during the first { iterations as

appied to (V'tAAO‘/%T, u) belongs to subspace
F; = B;_,(V;AV;',u) + V;H',

here we let E_1(B,b) := {0}.

To ensure R*(0, Vg, HY), as no query/multiplication has been performed yet, we set Vo = I,
H° = {0}, so Fy = {0}.

Assume £ < t and R*(, V;, H') holds for certain V; and H', show R*({+1, Visrs H+1) with
choice of Vi, and H*'.

Let z(£+ 1) be the (£ + 1)-st point at which M queries as applied to (A;,u) = (VtAAOVtAT, u),
let 2(f+ 1) = w+v be an orthogonal decomposition, where w € Ex(Az,u) and v € E;(A;, u)*. Note
that dim(V;Hz) = dim(Hy) =n—L —1>n —t— 2, while dim(‘/%Hf) =1 <t. Since 2t <n — 3, we

know dim(V;Hy) > dim(V;H?) 4 1, then there exists a unit vector
f=Vi¢, ¢€H,, (2.31)

which is orthogonal to V;H®. Since V;E;(Ag, u) C V;(Ho+span{z*}) and E;(4;, u) = E,g(V%AOVET, u) =
ViE; (Ao, u), we know V;Hy L V;E;(Ao,u) = E;(A;,u), hence f L E;(A;,u).
Consider P = E;(A;,u) + ‘/£va @ = P +span{v}, and S = P + span{f}. Here f L P, so

there exists an orthogonal W € R™*" such that

Wex=x VxelP
(2.32)

WS D Q;

here W can be found because dim(S) < 2042<204+2<n-1.
Since v L Ei(Az,w), Wl (a;u) = Inlg; (A, 0) and Ej(Azu) L (V;Ht + span{f}), we have
W(V;H! + span{f}) = V;H' + span{uv}.
Now define
H'™*' = H' 4 span{o}, Vi, = WV;.

Now we prove that R*(f+1,V;, ,, H™1) holds. Clearly, Vi1 is orthogonal, dim(H™1) = {+1, and

+10
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H™' C H,. Since u € E;(A;,u) C P, by (2.32), Vigu=WViu=Wu=u.
We then show that the first (£+1)-st points at which M queries as applied to (4;,;,u) = (‘/%+1A0‘/%117 u) =
(WA;WT,u) belong to E;(A;,,,u) + Vi, H'. Note that

Bi(Agyy u) + Vi HY = W[E; (A, u) + Vi(H' + span{g})]
— W(P + span{/})

D Q.

The first equality follows from the definition of A;, ,, V., and H t+1, The second equality follows
from the definition of P and (2.31). The last inclusion follows from (2.32). It then suffices to show

that the query points all lie in @, so we prove that,

the first ¢ points at which M queries as applied to problem (Aj L1, u) are
(2.33)

z(1),...,z(t), the points at which M queries as applied to problem (A, u).

It suffices to show

Apx(i) = Aga(i) for i = 1,... ¢ (2.34)

By induction assumption R*(f, V%, Hf), for i < t, x(i) € E;_(Aju) + VEHf C P, so, follows
from (2.32), A x(i) = WA;W Ta(i) = WA;z(i). Further, since A;E;_,(A;,u) C E;(Aj,u) and
A V;H! = V;AgH' = {0} C V;H', we have that A;z(i) € E;(A;,u)+V;H' = P, which together with
(2.32) implies that W A;x (i) = A;x(i), so (2.34) is shown.

Given that method M is deterministic, by (2.33) and (2.34), the point defined as the (4 1)-
st query at which M applies to (A, u) is at the same time the (# + 1)-st query at which M applies

to (Az,,u). Hence z(t +1) = u+v € Ey(A;,u) +span{v} C @, and for i € {1,...,1},

2(i) € Br_,(Ap,u) + ViH' C Ej(Ap,u) + V;H = P = W[E{(A;,u) + V;HY).
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hence for i € {1,...,1 41},

(i) € W[E;(As u) + V;H' + span{f}]
= Ef(Af-H’ u) + W‘/%Hg-"_l

= Ef(Aerh u) + V%+1H£+1~

Here the first equality follows because V,gHi + span{f} = Vt(Ht + span{¢}) due to (2.31), and
WE;(Aj,u) = WV;Ej(Ag,u) = Vi Ey(Ag,u) = Ej(Aj 1, u). Step (i) is hence complete.

Step (ii) we prove the main lemma. Let ¢ (> 0) satisfy the premise of the lemma and M
be a method. Without changing any of the first ¢ points at which M queries as applied to (A, u),
assume with out loss of generality that the (f+4 1)-st point x4, (£ + 1) at which M queries is exactly
the t-th approximate solution xy(t, A,u).

By the proposition in Step (i), we can find orthogonal Vi1 € R™*™ Viiju = u, a (¢t + 1)-

dimensional subspace H**1 C H,, such that

th+1A0%1l,u(t +1) = am(t, Vigr AoV w)
€ B (Vig1 AoVl 1 u) + Vi H

C Et(‘/t+1A0VvtT'_1,u) + VthrlH%

which shows R(¢, V) for V = V4. O

2.5 Conclusion

In this chapter we study the problem of computing a matrix kernel projection of a vector,
when the matrix is not known, but its matrix-vector oracle is accessible. We studied this problem
from three perspectives: the control perspective, the optimization perspective, and the linear algebra
perspective. From the control perspective, we find that the best known method by [16] contributes
a non-diagonalizable Jordan block for each pair of repeated eigenvalue in their update system, so
to obtain their smallest linear convergence rate, an additional logarithmic term would appear in the
worst-case; from the optimization perspective, we designed a novel accelerated gradient method, yet

its convergence is only optimal in the order of linear convergence; from the linear algebra perspective,
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we reviewed that the known study of exact oracle complexity for solving a linear equation [19)
provided with the same matrix-vector oracle, yet this result is not readily applicable to our problem
of interest. Based on our observations from the three perspectives, under a linear-span assumption,
we propose a novel iterative method which attains the exact oracle complexity for our problem of
interest. The analysis of our method does not require knowledge on the total number of iterations.
In the realm of general methods, we provide an exact lower complexity bound with the assumption
that n — 3 > 2t, where ¢ is the number of matrix-vector oracle calls, and n is the dimension of our

problem.
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Chapter 3

Gradient norm minimization
through a gradient extrapolation

method

In this chapter, we propose to study the gradient extrapolation method in [11]. While it
is developed for minimizing function value in convex smooth optimization problems, we show that
it can be adapted to solve gradient norm minimization problems as well. Moreover, we are able to

achieve the optimal gradient evaluation complexity for gradient norm minimization.

3.1 Introduction
The problem of interest in this chapter is the following unconstrained convex smooth opti-
mization problem:

f* = min f(x). (3.1)

TER™

Here we assume that f is convex and smooth, i.e., f € (fifl(R") Our goal is to compute an e-

approximate solution x € R™ such that ||V f(z)||? < e, where and throughout this chapter | - || is the

Euclidean norm. Throughout this chapter, we refer to the aforementioned problem as the gradient
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norm minimization problem. Complexity analysis of first-order methods for solving such problem
is among the traditional research focuses of nonlinear optimization. In fact, checking whether the
gradient norm satisfies the accuracy threshold ||V f(x)||? < € is one of the most widely used stopping
criterion in practice. Other commonly used stopping criterion in theoretical studies include function

value difference f(z) — f* < e and distance to optimal solution ||z — z*||? < . However, the latter
two criteria are less useful in practice, since accessing the knowledge of f* and z* is usually as
difficult as solving the original problem itself.

There has been a rich body of literature on the complexity analysis of first-order methods for
gradient norm minimization. The lower complexity bound for gradient norm minimization is known
to be order O (1/e'/4) (see [19] and [4]). There have been many attempts designing optimal first-
order methods with a match upper complexity bound. For example, in [24], a monotone convergence
accelerated gradient method is proposed, which is able to compute an e-solution with at most
O(1/e'/3) iterations. By perturbing the objective function f of to f5(z) := f(z) + (6/2)||z — zol?
and minimizing the perturbed function f5 instead, in [24] one other first-order method is proposed

with O (In(1/e)/e'/*) complexity, which is sub-optimal with an extra logarithm multiple. In [10] a

first-order method called the optimized gradient method for gradient norm minimization (OGM-G)

is proposed, which computes an e-solution with at most O(y/(f(zo) — f(2*))/e) iterations. The
convergence analysis of [10] is based on the performance enhancement program introduced in [7],
which is a computer-aided proof system for analyzing first-order algorithm complexity. An alternate
proof using potential functions is later developed in [6]. Later, in [25], it is pointed out that by
a two-phase algorithm design, namely, running [N/2] steps of any optimal method for minimizing
function value difference and [N/2] steps of OGM-G, where N = O(1/£/4), one actually is able to
obtain the optimal O(1/e'/4) complexity for gradient norm minimization. Such observation makes
OGM-G in [10] the first optimal first-order method for gradient norm minimization. However, in
the OGM-G iterations, the total number of iteration N need to be specified in advance, and the
knowledge on the exact value of Lipschitz constant Ly is required. Such problems are addressed
in [12], in which an optimal and parameter free algorithm with O(1/¢'/*) complexity is proposed
through an accumulative regularization technique. To the best of our knowledge, the aforementioned
methods are the only known resolutions for achieving the O(1/ gl/ 4) complexity in the literature. To
summarize, at present, one should either adopt a two-phase algorithm design structure suggested in

[25] or the accumulative regularization technique developed in [12].
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However, there are still two remaining issues concerning the two possible resolutions above
for achieving the O(1/¢'/%) complexity. For the OGM-G type algorithms [10, 6, 25], current re-
sults in the literature all require the two-phase algorithm design that run two different algorithms
consecutively. For the accumulative regularization technique developed in [12], although the pro-
posed algorithm no longer has the two-phase structure, in each iteration it needs to call one other
algorithm as subroutine to solve its subproblem. The remaining issues motivates us to study the
following research question concerning gradient norm minimization: can we obtain the optimal gra-
dient evaluation complexity for gradient norm minimization by one uniform, single-loop algorithm
without any subroutine?

In this chapter, we provide a partial answer to the above research question. Specifically, we
show that the gradient extrapolation method (GEM) designed previously for function value difference
minimization [15] (see also [11]) can be adapted for solving the gradient norm minimization problem.
Specifically, given the maximum number of iterations N, we show that by running [N/2] iterations
of GEM using the parameters described in [15] and [N/2] iterations of GEM using a novel set of
parameters, we are able to achieve the O(1/c'/*) gradient evaluation complexity for the gradient
norm minimization problem. Although our proposed resolution does not solve the aforementioned
research question completely (since we have to use two sets of parameters when applying GEM), it
is using one uniform algorithm and does not require any subroutine.

This chapter is organized as follows. In Section 3.2, we describe GEM and its convergence
analysis for computing an approximate solution such that f(xy) — f(z*) < e. The results have
already been developed in [15] and we are including this section for the sake of completeness. In
Section 3.3, we prove a new result that GEM can be described alternatively as the linear span of
previous gradients under certain appropriate choice of parameters. With the help of such equivalence,
we are then able to show in Section 3.4 a novel result that GEM with certain choice of parameters

is able to compute an approximate solution to the gradient norm minimization problem with at

most O(y/(f(zo) — f(z*))/e) iterations. Consequently, we can apply the observation concerning
two-phase algorithm design in [25] to achieve the O(1/e'/%) gradient evaluation complexity. Here
in the two-phase algorithm design we are calling GEM uniformly, only with two different sets of

parameters.
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3.2 The gradient extrapolation method

In this section, we state the parameter choice and its convergence analysis of GEM for
function value difference minimization. The content of of this section is all based on the description
of GEM in Section 5.2.1 of [11]; we only add this section for the sake of completeness. Recall that
in Section 1.2.2, accelerated gradient descent method is described with O (1/y/€) complexity for
function value difference minimization. However, we are able to observe from Algorithm 1.2.2 that
the gradient evaluation and the output approximate solution of accelerated gradient descent method
are performed on different points z, and ;. Since our goal is gradient norm minimization throughout
this chapter, it is imperative that we perform gradient evaluation at the output approximate solution.
Consequently, we would like to study optimal first-order methods whose output approximate solution
is also the same point for gradient evaluation. GEM is such an optimal method for function value
difference minimization.

The GEM algorithm is listed below in Algorithm 3.2.7. With appropriately chosen param-
eters, we will show that an e-approximate solution such that f(zy) — f(z*) < € can be obtained

within O (1/4/€) gradient evaluations.

Algorithm 3.2.7 The gradient extrapolation method (GEM)

Require: Initial point ug = zg € R™, go = V f(20), 9-1 = g0, &, M, ¢ > 0for t =1,2,..., N
fort=1,2,...,N do

Gt = &(gt—1 — gt—2) + gi—1, (3.2)
Up = Ug—1 — Gt/ (3.3)
zy = (ut + 1ae—1) /(1 + 1), (3.4)
gt = Vf(x). (3.5)
end for
Output zn

In Algorithm 3.2.7, we denote the gradient of each iterate xy as g¢ = Vf(x¢) as in (3.5).
We first perform a gradient extrapolation step (3.2) to compute §; from gradients ¢g;—; and g;_s of
two previous iterations. Next, in (3.3), we perform a gradient descent step along the direction of g;.

The computed point u; is then combined with the previous approximate solution x;_; in (3.4); such
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convex combination becomes the new approximate solution x;.

Now we will start to describe the convergence analysis of Algorithm 3.2.7 for solving problem
(3.1) to obtain an e-approximate solution zy such that f(zy) — f* < e. The following proposition
shows that when solving (3.1) by GEM, if the parameters {n; }¥ |, {r}~; and {&}, in Algorithm
3.2.7 satisfy conditions described in (3.6) to (3.10), then we are able to estimate an upper bound of

*

the function value difference f(xxn) — f* at the output approximate solution.

Proposition 3.2.1. Let f be a function such that f € ffifl (R™), {z:}}, be the iterations of Algo-
rithm 3.2.7 applied for solving (3.1), and 6, are nonnegative constants fort =1,..., N. Suppose the

parameters {n: }1, {m Y, and {& )}, in Algorithm 3.2.7 satisfy 71 = 0 and

0,1 =£,0,, t=2,.... N, (3.6)
Oy <Op_1m4_1, t=2,...,N, (3.7)
Ort =0; 1 (1 +714—1), t=2,..., N, (3.8)
&Ly <mpamg, t=3,...,N, (3.9)
2Ly <TNUIN, (3.10)

then we have that for any x € R,

ONTIN

In(L+ ) (o) = F@) + 2y —
<%Twme+%<ﬁ;—m>urwﬂ?

Proof. In Algorithm 3.2.7, since uy = us—1 — §¢/n¢ and G = &(ge—1 — gt—2) + g1—1, we have

(&e(gt—1 — ge—2) + Gr—1,ur — T) =y {Us—1 — Ug, Uy — )
(3.12)

=l = el = = el = Tl — e

for any « € R™. Recalling that f is convex smooth, z; = (us + 72:—1)/(1 + 1) and g = Vf(x¢) in
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Algorithm 3.2.7, we are able to derive from (3.12) and Lemma 1.1.4 that

(L +7)f(2e) — f(x) <A+ 1) f(2e) = (f(@e) + (g, T — 21))
=7e[f(xt) — (91, 00 — Te—1)] — (91, @ — uy) (3.13)

.
<— —lge — gal? + 7ef (@e—1) — (g, ® — w), Yo € R™
oL,
Combining (3.12) with (3.13), we obtain that

(I +7) f(2e) — f()

.
< - ﬁllgt — ge1ll” + 7o f(wem1) + (9¢ — g1 — &(ge—1 — ge—2), ue — ) (3.14)
Gl — P = Gl = el = Sl — e [P, Vo € BT

Multiplying both sides of (3.14) with 6, and summing up from ¢t = 1,..., N, we have

S 001 ) Fa) = 0@ < =3 g — g 243 i)
2 t t t 2 t = 2 2Lf gt — gt—1 o tTt t—1
N
+ > 09 — ge1 — (g1 — Ge—2),ur — ) (3.15)

t=1

N
Nt Nt Nt
+ 3000 [ lle = wrall? = Tllw = wel? = e = wea ]
t=1

for any x € R™. We make a few observations in the above relation. First, recalling (3.6) and the

fact that g_1 = go, we have that

N
Zat<gt = gt—1 = &(gt—1 — gi—2), ur — )
= N (3.16)
=0n (9N — gN—1,UN — T) — Z@ft(gtq — gt_2,us — us_1), Vo € R™
=2

Second, by inequality (3.7) we have

N

0 0 .
>0 | Bl = weal = Tz — uel2] < =P le = woll? = 5 o — uw?, Vo € R™. (3.17)
t=1
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Third, by equality (3.8) we can derive that

N
D 01+ 7) f (1) = 7 f (m1-1)] = On (1 + 7)) f(2n) — 6171 f (o). (3.18)

Fourth, we can also obtain from (3.8) that

N

Zet > (0im = 0117y 1) + Oy = On (1 + 7y) — 0171 (3.19)
t=2

Thus with 7, = 0, applying our observations (3.16), (3.17), (3.18) and (3.19) to (3.15) we have

On(1+78)(f(2n) — f(2))

0
< — Oa6algn — go,uz — wn) = =2 lug = wa|* = = s = wol”
01, 6 (3.20)
Z{ ST g1 = geall” + 016 (911 — g2 ue — i) + L g — - 1||2}
01

T — w2

—On [21: lgn — gn— 1H —(gn —gN-1,uN — >+77;V||«T_UNH2:|+

for arbitrary € R™. Observe that for any scalar a > 0, b € R and vector u, v, we have b{u,v) —
allv||?/2 < b?||ul|?/(2a). By this simple relation and (3.6), (3.9) and (3.10), we are able to obtain
the following three results:

152
29

9277 25
) — Jug —ua||* < =2 ||9 Lllus — uoll?,  (3.21)

— 0282(g1 — go, u2 — w1 —gol* <

01, 0
_Z{ T 1Hgt 1= ge—2||? + 06961 — go—o,us — up—1) + tnt”“t—ut 1||}

2
(3.22)
N
0 L
<> 3 (5’” —m) e —ue—a])* <0,
—3 Tt—1
UhY
—On |5 lgn — gn—1]1? = (g5 — gn—1,un — &) + ||z — uy|
2L 4
oo T (3.23)
< (2L TN ) 1z —up|? <0, Vo € R™
2 TN 2

The second inequality sign of (3.21) is obtained by the L ;-smoothness of f and the fact that z¢ = uo,
x1 = uy. Applying (3.21), (3.22) and (3.23) to (3.20), we conclude (3.11).
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*

Proposition 3.2.1 shows an upper bound estimate of function value difference f(xzyn) — f*.
The following theorem provides a specific set of parameters such that all conditions in Proposition

3.2.1 are satisfied.

Theorem 3.2.1. Let f be a function such that f € S"ifl(R”) and {x;}, be the iterations of
Algorithm 8.2.7 for solving (3.1). Let z* be an optimal solution of (3.1), and the parameters {n; }¥ ,,
{r 3Ny and {& Y in Algorithm 3.2.7 are set to m, = 6Ly /t, 7o = (t —1)/2 and & = (t — 1)/t, for
t=1,...,N. Then we have

6L,

_ — 2. .24

flzn) = f* <

Proof. Defining 6; =t fort =1,..., N, (3.6) to (3.10) are satisfied. Thus by Proposition 3.2.1 with

the described parameter settings in the theorem applied to (3.11), we conclude (3.24). O

By the above theorem, that to obtain an approximate solution for function value difference

minimization such that f(xx) — f(z*) < &, the number of iterations required by Algorithm 3.2.7 to

solve (2.1) is upper bounded by O (\/GLfoO - :c*\|2/5) As discussed previously in Section 3.1, to
obtain an e-approximate solution that for gradient norm minimization with O(1/e'/4) complexity,
we may utilize a two-phase algorithm design as suggested in [25]. GEM could serve as an optimal
algorithm for function value difference minimization in the first phase. However, to the best of our
knowledge, no GEM parameters have been proposed for solving the gradient norm minimization
problem. Therefore, it would be interesting if we are able to find a set of parameters of GEM such
that |V f(xzn)||> < & when the number of iterations N is greater than O (1/4/¢). If such set of
parameters can be discovered, we have a uniform algorithm (namely GEM) framework for solving
the gradient norm minimization problem with optimal complexity. The remainder of this chapter is
dedicated to the derivation of such set of parameters. We start in the following section by describing

an alternate description of GEM, which is convenient for our analysis on gradient norm minimization.

50



3.3 GEM as linear span of gradients

In this section, we show that GEM can be visualized as the linear span of gradients. Specif-
ically, we can describe GEM alternatively as in Algorithm 3.3.8. Our description in Algorithm 3.3.8
is not novel; rather, it has been studied previously in the literature (see, e.g., [9, 24, 7, 6, 10]). In-
deed, the algorithm structure in Algorithm 3.3.8 is the necessary tool utilized in [10] for discovering
the first algorithm with O(1/ gl/ 4) complexity for computing an approximate solution x such that
|[V£(z)||* < e. We will establish the equivalence between Algorithms 3.2.7 and 3.3.8 for certain pa-
rameters. With the help of such equivalence, we are then able to show in the next section that GEM
with certain choice of parameters is able to achieve the aforementioned O(1/'/*) upper complexity

bound for gradient norm minimization.

Algorithm 3.3.8 A linear span type algorithm description for solving problem (3.1)

Require: Initial point g € R, maximum number of iterations IV
fort=1,...,N do

Compute
gi—1 = Vf(xi1),
=
= -1 — — h .
Ty = XTp—1 sz t,k9k
k=0
end for

Output approximate solution x .

From the description of Algorithm 3.3.8, we can observe that the next iterate z; is evaluated
as a point in the set x;—1 + span{V f(zo),..., Vf(z:—1)}. By induction, we may also conclude that
x4 is also in the set x¢ + span{V f(zg),...,Vf(x:—1)}. The goal of algorithm design is to choose
appropriate parameters h; , so that the algorithm achieves desirable convergence properties. In the
case when f is a quadratic function (thus the optimization problem is equivalent to solving a linear
system), such methods are known as Krylov subspace type methods in numerical linear algebra.
Such linear span description is also commonly seen in algorithm design and complexity analysis of
first-order methods (see, e.g., [24]). The format in the description of Algorithm 3.3.8 appears the
first time in [7] for analyzing first-order methods for minimizing function values of unconstrained
convex optimization. In [9], the h;j parameters of Algorithm 3.3.8 are defined with the structure in

(3.25) below. The following proposition shows that if h; j, are defined as in (3.25), then there exists
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parameters of GEM that is equivalent to the linear span description in Algorithm 3.3.8.

Proposition 3.3.1. For any function f € ffé;(R”) and initial point xo € R™, Algorithms 3.2.7
and Algorithm 3.3.8 are equivalent and produce exactly the same sequence of approximate solutions

{24}, under the choices of parameters described as follows. In Algorithm 3.3.8, the parameters

{her} satisfies

1+(C¥t*04t+1)(’)’t*%—1)7 tzlv"'aNak:tfl
hy = (3.25)

(Oét—at+1)(’}/k+1—’}/k)7 t:2,...,N,k:O,...,t—2

where a; and 7y are positive constants such that v > yi—1 for allt =1,... N. In Algorithm 3.2.7,

the parameters 1y, 1, and & satisfies (1 + 7)(or — apy1) = Te—1(o—1 — i) and

Ot — Q41
(i1 — ) (T4 (e — apr)(ve — Y1) — (@ — apq1)’
L ooy
14+ 7 (0 — apq1)

& =

e t-

Proof. Applying (3.25) to iterates z; = x;—1 — % Z;;lo ht.kgr of Algorithm 3.3.8, we have that

t—1
1 ap —
Tt—1 — Tt — th—l ZtTtH E (Ve+1 — )9k, VE=1,..,N. (3.26)
k=0

Note that (3.26) also implies that for all ¢ > 2

1
Tt—1 — Tt — 7 Gt—1
L
S e (SN +L o L (327
= I Ve = Yt—1)Gt—1 o1 —ay \ 2 t-1 = 792 ) |-
Rearranging terms of (3.27), we obtain that
- - 1
2y — (1 n aaﬂ) oy, Qe Ot <xt_2 _ gH)
Q1 — Oy Q1 — L (3.28)

1
- f(l + (ot — 1) (Ve — Y2-1))9t-1-

Recalling that 7;’s are positive parameters such that (1 + 7¢)(cy — ayy1) = 7e—1(—1 — ), and
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letting {u;}., be vectors such that

Tt

Ty = Ti—1 + U, YVt = 1, ...,N, (329)

1+Tt 1+Tt

Note that if u, in (3.29) is equivalently defined as in (3.3) of Algorithm 3.2.7, then (3.29) is equivalent
to (3.4) in Algorithm 3.2.7 and the equivalence of Algorithm 3.2.7 and Algorithm 3.3.8 is proved.

We can observe from (3.29) that

Tt * _ Tt Tt—1 r + Tt
].+7't -1 1+Tt1+7—t71 =2 1+Tt1+7—t71

Ut—1,

which is equivalent to

at — Q41 Qp — Q]
Ty — (1 + ) Ty + ———Tp_2

Qp_1 — Qp1 — Oy
7 Te_ o — o Ti_ o —
_ ¢ e S Y 41 -1 % aal (3.30)
1+71+7 a1 —oy ) 1+11 oy — oy
1 1 o — Oy Tt
Up — 1+ — Up_1-
T+ ' 1+Tt—1< a1 —a 1+4m)

In the above equality, using the relation (1+ 7¢)(c — @y41) = Te—1(a—1 — a¢) again, we can observe

that

Tt Te—1 <1+ Qi —at+1) Tt—1 Qp — Qg1 0
- )

1+ l1+7 oy —ap ) 1+711 a1 — oy

and

1 1+ O — 41 T+ - 1 1+ Tt—1 Tt - 1
1+Tt71 Q1 — Oy 1+’Tt _1+Tt71 1+Tt 1+Tt _1+’Tt.
Hence (3.30) can be simplified as

O — Op41 Qyp — Qg1 1
= (1t o+ mas = (e~ uea). 3.31
t < O‘t—l_at> e (1+Tt)( ¢ = te-1) (3.31)

Recall from (3.28) that the left-hand side of (3.31) can also be expressed as a linear combination of

the previous gradients g;—1 and g;—_s. Combining (3.28) and (3.31), we may eliminate x;, ;—1, and
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T;_o and obtain that

1 1 O — 41
L

a+n) (up = 1) = = R (L4 (ar = 1) (e — %1))%1) . (332)

We will next show that the right-hand side of (3.32) can be expressed as §; defined in (3.2) multiplied

by a scalar. Letting & in Algorithm 3.2.7 be positive scalars such that

14§
&1

Qi1 — Q¢

=1+ (a—« - V- ;
( (o t+1) (e — e 1))%_0[Hl

we are able to have & and 1+ & expressed explicitly as

o Qp — Qg1
(o1 — o) (U4 (o — ) (7 —7e-1)) — (ar — 1)’
(o1 — ) (1 + (ar — 1) (vt — 1e—1))

(a1 —ap) (T4 (o — 1) (ve = ve-1)) — (@ — @)

146 =

Defining §; = &(gi—1 — gi—2) + g¢+—1 as in Algorithm 3.2.7, we can derive from (3.32) that

147 (p—1 — o) (T4 (ap — ag1) (v — ve—1)) — (@ — ay41)
L o1 — gt

Ut — Ut—1 = —

(3.33)

In Algorithm 3.2.7, u; are defined as u; = u;—1 — §i/m:. Observe from (3.33) that if 7, are defined as

L Q1 — Oy

A7 (e — o) (U4 (e — ) (e — Yi-1)) — (g — )
o L o1 —
147 (g — apgr)

Mt

ts

then (3.33) can be expressed equivalently as in Algorithm 3.2.7. Hence (3.29) is equivalent to (3.4)
in Algorithm 3.2.7 and the equivalence of Algorithm 3.2.7 and Algorithm 3.3.8 is proved. O

There has been several linear span type algorithms proposed in the literature for gradient
norm minimization; see, e.g., [10, 6, 9]. With the results in the above proposition, we are now able
to link such results to GEM parameters. In the following section, we will show that the results in

[9] yield a set of GEM parameters for gradient norm minimization.
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3.4 GEM for gradient norm minimization

With the help of Proposition 3.3.1, in this section we are able to derive GEM parameters
for gradient norm minimization. Our results is based on the following proposition, a results derived

in [9].

Proposition 3.4.1. Let f be a function such that f € ?ifl(R”) and {x:}I¥.o be the iterations of

Algorithm 3.3.8. Suppose that the parameters {hyy} in Algorithm 3.3.8 are set to

2N —t+1)(N —t+2)(N —t+3)

1 ct=1,.,Nk=t—1;
hor TN SR DN k(N —k+3) (3:34)
’ 2N —t+ DN -t 42N —-t+3) NE—0  f_2
(N—k+1)(N—k+2)(N—-k+3) 77y oo
then we have
6L
lonll* < i gy o) — £l (3:35)

The above proposition describes a parameter setting of the linear span algorithm described in

Algorithm 3.3.8 that solves the gradient norm minimization problem with O <\/ Li(f(xo) — f(z*))/ 6)
complexity. Combining the results in the previous two sections, we can already obtain a two-phase
algorithm with O(\/W /e'/*) complexity for gradient norm minimization. Specifically, the
algorithms used in the first and second phases are GEM with parameters described in Theorem
3.2.1 and the linear span described Algorithm 3.3.8 with parameters in the above proposition. With
the help of previously developed Proposition 3.3.1 on the equivalence of algorithms, we will show in
Proposition 3.4.2 below that Algorithm 3.3.8 with parameters described in the above proposition is
indeed equivalent to GEM. Consequently, running GEM with two sets of parameters will solve the

gradient norm minimization problem with the optimal O(/L[[zo — z*[|/e'/*) complexity.

Proposition 3.4.2. Let f be a function such that f € "J"i’l(R”) and {x;}I¥o be the iterations of

Algorithm 3.2.7. If x* is an optimal solution of (1.3), and the parameters {n}N ., {m}Y, and
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{&3Y in Algorithm 3.2.7 are set to

N-—t+1
4 SON 2t (3.36)
o U - NN+ DN 2N +3) Nt
CTAUN—t+ DN —t+2)(N —t+3) 4
L N-—t+4
Tt

T14+ 72N 2045
then Algorithm 3.3.8 is equivalent to Algorithm 3.2.7.

Proof. Applying Proposition 3.3.1 to algorithms with parameters (3.36) and (3.34) respectively, with

oy and v set to

o :i(N7t+1)(N7t+2)(N7t+3)(N7t+4),
6

TNk +2)(N—k+3)

we conclude the equivalence of Algorithm 3.3.8 and Algorithm 3.2.7. O

With the help of Theorem 3.2.1 and Proposition 3.4.2, we are now ready to prove that
running GEM with two sets of parameters will yield the optimal O(y/L[[zo — z*[|/e'/*) complexity

for gradient norm minimization.

Theorem 3.4.1. Suppose that the maximum number of iterations N is pre-specified. Let f be a
convex smooth function such that f € .‘}"ifl (R™) and {z,}}, be iterates of Algorithm 3.2.7. When
running GEM described in Algorithm 3.2.7, if we choose the parameters as in Theorem 3.2.1 during
the first [N/2] steps, followed by the parameters described in Proposition 3.4.2 for the next [N/2]

steps, then we have

576Lfc||x0 —x*|?

lov I < oD N T LT

(3.37)

Proof. For the first [ N/2] steps of GEM with parameters in Theorem 3.2.1, by the complexity bound
(3.24) we have

24Ly||wo — 2*?

f(@rnyy) — f(z¥) < N+ DNT3)

(3.38)
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Next, starting from x,/, and running [N/2] steps of GEM with parameters defined in Proposition

3.2.1, by the complexity bound (3.35) we have

9 24L; .
lgnl]” < m(ﬂxw/ﬂ) — f(@")). (3.39)
Combining (3.38) and (3.39), we conclude (3.37). O

According to the result (3.37) in the above theorem, in order to make sure that the output

approximate solution 2y of GEM is an e-approximate solution with ||V f(zx)||? < ¢, it suffices to

set the total number of iterations N to

Lyllzo — 2|

which has been proven to be optimal (see [19] and [4]) for gradient norm minimization. Remark that
although we need to utilize two different sets of parameters in the first [ N/2] iterations and the last

[N/2] iterations, the optimal complexity bound is obtained by one uniform algorithm (GEM).

3.5 Conclusion

In this chapter, we show that the gradient extrapolation method (GEM), which was pre-
viously developed for function value minimization, can also be adapted to solve the gradient norm
minimization problem. Specifically, we show that by running GEM with two sets of parame-
ters, we are able to compute an e-approximate solution such that ||V f(zx)|? < e with at most
O (\/W / el/ 4) gradient evaluations. Such complexity matches the lower complexity bound
for gradient norm minimization. Although such optimal complexity can also be obtained by other
first-order methods (e.g., [10, 6, 9, 12]), we provide in this chapter the first framework with one
uniform algorithm (GEM) and no subroutine. One drawback of our proposed framework is that we
need to apply two different sets of parameters in order to obtain the optimal complexity for gradient

norm minimization. An interesting future research topic would be the design of a method that could

achieve the optimal complexity through only one set of parameters and no subroutines.
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Chapter 4

Conditional gradient methods for
smooth functional constrained

optimization

In this chapter we focus on projection-free algorithms for solving functional constrained
smooth nonlinear optimization problems. Methods for solving convex and nonconvex functional
constrained optimization problems are proposed respectively. We describe the problem of interest

in detail and introduce the essential definitions in the following section.

4.1 Introduction

The problem of interest in this chapter is the following functional constrained smooth non-

linear optimization problem:

fr= Eg(lf(m), s.t. gi(z) <0, i=1,...,m. (4.1)

Here X € R” is a compact set. We assume that an optimal solution z* exists, the objective
function f is Lj-smooth with respect to norm || - ||, and the constraint functions g, are all L,-

smooth with respect to the same norm. Our goal is to design projection-free first-order methods to
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compute numerical solutions with specified accuracy thresholds. We use the term “projection-free”
to emphasize that our methods of interest should avoid computing projections onto the compact
set X. We consider several different possible definitions of numerical solutions in terms of their
associated accuracy threshold, which are listed below. In our definitions, for any real number u we

denote [u]4 := max{u,0}.

Definition 4.1.1. We say that & € X is an (ey,e4)-approzimate solution to problem (4.1) if it

satisfies f(&) — f* <ey and [9;(2)]+ < &g foralli=1,...,m.

The (e, e4)-approximate solution defined in Definition 4.1.1 ensures that the objective func-
tion value difference f (%) — f* and the feasibility violation [g;(Z)]+ are within the specified tolerances
ey and €4, respectively. Clearly, when €; = ¢, = 0, & becomes an optimal solution to problem (4.1).
We will study the complexity for computing an (e, e,)-approximate solution to (4.1) when it is a
convex optimization problem. When it is nonconvex, we will study the complexity of computing two

different definitions of numerical solutions, as described below.

Definition 4.1.2. We say that & € X is an (e¢,e,4)-stationary point to problem (4.1) if it satisfies

()]s <egg forallt=1,...,m and
[9:(2)]+ g [

(Vi(@),z2—x) <ey, Ve € X sit. gi(x) <0 foralli=1,...,m.

Definition 4.1.3. We say that & € X is an (cf,e4)-Fritz-John (FJ) point to problem (4.1) if it
satisfies [9;(&)]+ < eq4 for alli =1,...,m and there exists nonnegative multipliers o, ..., Am such

that 3" o X =1 and

()\OVf(ic)—i—i)\ngi(i),:%—x) <eg, Yz € X. (4.2)
i=1

The (¢4, e4)-stationary point defined in Definition 4.1.2 ensures that the Wolfe gap (V f(Z), 2—
x) and the feasibility violation [g;(&)]+ are within the specified tolerances e and ¢, respectively.
When e = ¢4 = 0, & satisfies a first-order necessary optimality condition for problem (4.1).

The (ef,e4)-FJ point defined in Definition 4.1.3 ensures that the Fritz-John condition violation
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MoV f(&)+ >, N\iVgi(£), 2 — z) and the feasibility violation [g;(#)]; are within the specified tol-
erances €y and &4, respectively. When ey = €, = 0, & satisfies the first-order Fritz-John necessary
optimality condition for problem (4.1). The FJ condition is weaker than the Karush-Kuhn-Tucker
(KKT) necessary condition, which requires that A\g # 0 in (4.2). However, for an optimal solution
to satisfy the first-order KKT necessary condition, the KKT theorem requires additional constraint
qualification. On the other hand, the FJ theorem does not require any additional condition for an
optimal solution to satisfy the FJ condition. It should also be pointed out that the FJ condition does
not require that ZZO A; = 1 as stated in Definition 4.1.3; rather, it only requires that Ag,..., A\,
are not all zero. Consequently, if & satisfies the FJ condition with multipliers Ao, ..., A, then it
also satisfies the F\J condition with multiplier c), ..., c\,, for any ¢ > 0. However, for the definition
of approximate FJ points, we need to regularize the multiplies Ag, ..., Ay, so that the tolerance ey
can be properly enforced. Without this regularization, the multipliers could be scaled arbitrarily,
making it impossible to evaluate the complexity of algorithms for obtaining the specified tolerance
levels.

There has been previous literature on algorithm design and complexity analysis of first-order
methods for solving problem (4.1). We briefly describe the existing results and related works below.
For the simplicity of description, we denote ¢ := min{e,e,} and state the complexity results only
in terms of their order of dependence on .

We first focus on algorithms solving convex constrained optimization problems. Since The
lower complexity bound of projection-free method for solving constrained optimization problems
is currently unknown, to conjecture the ideal complexity, we can consider the projection-based
method as well as unconstrained or affinely constrained problems. For convex optimization prob-
lem mingex f(x) with no constraints, the lower gradient evaluations complexity bound for any
projection-based methods in order to compute an e-solution is O(1/4/¢) (see [19]). In [8], the lower
complexity bound for solving linear objective optimization subproblems for projection-free methods
is O(1/e). Also, [26] shows that the lower complexity bound of first-order methods for solving an
affinely constrained convex problems is of order O(1/e). As we mentioned before, for functional
constrained problems, the lower gradient evaluation complexity has not yet been studied in the lit-
erature. But we can conjecture from the above three lower complexity bound that our desired upper
complexity bound is similar. In [28], a projection-based method, Accelerated Constrained Gradient

Descent (ACGD) with sliding is proposed with O(1/4/€) complexity for solving convex functional
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constrained optimization problems. Observe that such lower complexity bound is identical to the
lower complexity bound of projection-based methods for solving unconstrained convex optimization
problem, which is inspiring for designing projection-free methods for solving functional constrained
methods. We conjecture that the lower complexity bound for solving unconstrained convex opti-
mization problem might be able to achieved also by projection-free methods for solving constrained
convex optimization problems. Going back to our focus on designing projection-free methods, there
are some existing results of projection-free methods for solving convex functional constrained prob-
lems. A level conditional gradient method is proposed in [5] for solving convex functional constrained
optimization problems with a O(log(1/¢)/e?) complexity. In [13], a constraint extrapolated condi-
tion gradient (Co-exCG) method is proposed for solving both smooth and structured nonsmooth
function constrained convex optimization with a O(1/e2) complexity. As we have conjectured, we
speculate that such complexity results can be further improved.

Next, we move on to the case when the objective function is nonconvex. We will discuss
when the constraint functions are convex and nonconvex respectively. Since the lower complexity
bound of projection-free methods for solving such problems are not yet studied, we conjecture from
the complexity property of projection-based method for solving unconstrained problems or func-
tional constrained problems. The description of [2] and [3] gives the lower complexity bound for
solving a nonconvex optimization problem without constraints as O(1/e2). However, the lower com-
plexity bound for functional constrained nonconvex optimization problems has not yet been studied,
no matter the functional constraints are convex or nonconvex. A related result is established when
the constraints are affine. In [17], the lower complexity complexity bound of a projection-based
first-order method for solving affinely constrained nonconvex problems are proved to be O(1/£?).
We can conjecture from the above lower complexity bound that the O(1/£%) complexity can also be
achieved by projection-free method for solving nonconvex constrained problems. It is described in
[5] and [1], the study on algorithms for solving nonconvex functional constrained problems is scarce.
In [5], the Level Inexact Proximal Point (IPP-LCG) method and the Direct Nonconvex Conditional
Gradient (DNCG) method are introduced for solving nonconvex constrained optimization problems.
The IPP-LCG convert the nonconvex problem into a series of convex subproblems and obtain an
O(log(1/e)/e3) complexity. The DNCG is a single-loop projection-free method with O(1/e*) com-
plexity. As we have conjectured, we speculate that such complexity results can be further improved.

Now with the related studies are described, the structure of this chapters is as follows.

61



In Section 4.2, we focus on projection-free algorithms for solving convex optimization prob-
lems with convex constrained. A constrained conditional gradient (CCG) method is introduced such
that the gradient evaluation complexity and the linear objective optimization complexity are both
of order O(1/¢). Then motivated by the projection-based accelerated constrained gradient descent
method with sliding (ACGD-S) proposed in [28], we propose an CCG with sliding (CCG-S) method
for solving convex functional constrained problems with an O(1/4/¢) gradient evaluation complexity
and O(1/¢) linear objective optimization complexity.

In Section 4.3, we develop algorithms solving nonconvex optimization problems with convex
and nonconvex constraints. Although the CCG-S method has lower gradient evaluation complexity,
the convergence performance has not yet been studied for nonconvex constrained problem. Our
focus is on projection-free conditional gradient (CG) type algorithms. We propose CCG with line
search to obtain an approximate solution with in O(1/e?) iterations.

In next section, we will first consider when the functional constrained optimization problem

is convex.

4.2 Convex smooth functional constrained optimization

In this chapter, we study first-order projection-free methods for solving convex smooth
functional constrained optimization problems, i.e., when the objective function f and constraints
gi, © = 1,...,m in problem (4.1) are all convex functions. We start by introducing a straightfor-
ward adaptation of CG method and extend to scenarios with functional constraints. Specifically,
in subsection 4.2.1, we propose a constrained conditional gradient (CCG) method and analyze its
convergence properties for solving problem (4.1). We show that CCG is a parameter-free algorithm
that can compute an (e, £4)-approximate solution in at most O (]fnax{Lng(/gf7 Lng(/ag}) gradi-
ent evaluations. Then in subsection 4.2.2, we show that the gradient evaluation complexity can be

improved to O (max{\/Lng(/sf, \/Lng(/sg}).

4.2.1 Constrained conditional gradient method

We begin with the straightforward adaptation of the CG method for functional constrained
optimization and propose a constrained conditional gradient (CCG) method. The proposed CCG

method for solving problem (4.1) is described in Algorithm 4.2.9. The idea of the algorithm is the

62



same to vanilla CG: We first perform a conditional gradient step (4.3) to obtain the moving direction

st —x'~1, then obtain a new iterate 2t from the previous iterate zf~! by moving along such direction

with step size 7.

Algorithm 4.2.9 Constrained conditional gradient method (CCG) for solving (4.1)

Require: z° ¢ X foralli =1,...,m.
fort=1,...,N do

Compute
st € argmin (Vf(2'1),z) (4.3)
zeX
st gi(x™ )+ (Vg™ Y),z — 21 <0,i=1,...,m,
rt = (1 =)z 4 4tst (4.4)
end for
Output zV.

A few remarks concerning Algorithm 4.2.9 are in place. First, the optimization problem in
(4.3) is always feasible. This is since x* € X always satisfies g;(z!~1) + (Vg;(2!71),2* — 2t71) <
gi(x*) < 0 due to the convexity of g;’s for all ¢ = 1,..., N. Second, since we assume that X is a
compact set, the optimization problem in (4.3) is bounded. Finally, by (4.4) we have z! € X for all
t, although they are not necessarily feasible for the original problem (4.1).

Our analysis of CCG is a straightforward adaptation of that of the CG method without

functional constraints. We start with two technical lemmas.

Lemma 4.2.1. Suppose that h : R™ — R is a L-smooth function (with respect to norm || - ). For

any 2t 2t st € R™ and ~* € [0,1] that satisfies (4.4), we have
LY’
h(@) < (L=7)h@™) + 7 (@) + (VAT s' =) + —5—[ls" =" 1% (45)
Proof. Recalling that the L-smoothness of h implies that
L
ha) < a1 + (VA1) 2" = 2" ) + Jlla’ — a7,

applying (4.4) to the above relation, we conclude (4.5). O

While we are studying convex optimization problems in this section, note that the only

requirement of the function n in Lemma 4.2.1 is smoothness; the convexity is not necessarily needed.
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The inequality (4.5) shows that for any z!,z'=! s' € R™ and ~* € [0,1] that satisfies a convex
combination relation in (4.4), h(z') can be upper bounded by the sum of a linear approximation of
h(x') and the norm of st — 2t~1.

The following lemma of a simple algebraic relationship is also needed in the convergence

analysis.

Lemma 4.2.2. Suppose that {w'}Y ;, {a'}, are nonnegative real-valued sequences and {y'}N |,
{b'}N| are real-valued sequences. If they satisfy ' =1, v* <1 and w'=t > W' (1 —~t) for allt > 2,

and
a' < (1—+Ya""t +0', Vt=1,...,N, (4.6)
then we have

t
what < Zwkbk, Vi=1,...,N.
k=1

Proof. The result is immediate by multiplying (4.6) by w! and summing from k =1...,¢. O

With the help of the above Lemmas 4.2.1 and 4.2.2, we are able to analyze the convergence
properties of CCG in Algorithm 4.2.9 for solving convex smooth functional constrained optimization

problems.

Theorem 4.2.1. If the parameters in Algorithm 4.2.9 are set to ' = 2/(t+1), the objective function

f is Ly-smooth with respect to norm || - ||, and the constraint functions g; are all Ly-smooth with
respect to norm || - ||, then we have
o _2L;D?
fat) = a7y <=5 and (4.7)
2L,D?
mmm+gtif,sz“wm, (4.8)

where Dx := min, yex ||z — yl|| is the diameter of X with respect to norm || - ||.
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Proof. Applying Lemma 4.2.1 to the objective function f and constraint functions g;’s we have

£ <=7 47 () + (Tt -2t )+ ZLO e (a)
2
gi(z") <A =" gi(z" ") + 9 (gi (=) + (Vgi(a"1),s" — 2~ 1)) + #Ilst —z'712.(4.10)

Here applying the optimality condition of s* in (4.3) and the convexity of f to (4.9) we have

||St - :L,tfl ”2

F@t) S@ =) f™) 7 (f@™) +(VF' ™" —a'7) +

oy 4 LG

t—1||2-
2

s —z

<1 =9)f@ )+ f(a

Rearranging terms in the above relation and noting that s*, 2= € X we have

Define a sequence {w!}¥, such that w! = #(t + 1)/2, then w' and 7' = 2/(t + 1) satisfy the

assumptions in Lemma 4.2.2, applying the lemma to the above relation we obtain

t

1t - flar) < H2x Z R s

k=1

which yields (4.7). Also, applying the feasibility condition of s* in (4.3) to (4.10) and noting that

st 271 € X and 4! € [0,1] we have

2

D% < (-l + 220 g

Ly(v")*
2

gi(x") < (1 ="gi(=""") +
Since the right-hand side of 4.2.1 is non-negative, the above relation implies that

Ly (7")°

Ly

[9:(2")]+ < (1= 7)[ga(2" )]+ +

Recalling that w! = ¢(t +1)/2 and v* = 2/(t + 1) and applying Lemma 4.2.2 to the above relation

we conclude (4.8).
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A few remarks are in place for the above theorem. First, in order to compute an (ef,¢e4)-
approximate solution to the original problem (4.1), the number of iterations required by Algorithm
4.2.9 is bounded by O (maX{Lng(/Ef,Lngf/gg}). Second, note that the above analysis applies
to any Lipschitz smoothness conditions of f and g;’s with respect to any norm || - ||. Therefore,
the convergence result applies to the best possible geometric structure of the problem (in terms of
Lipschitz smoothness constants Ly, Ly, the associated norm || - ||, and diameter Dx). This is indeed
a well-known feature of CG-type algorithms when solving problems with no functional constraint.
Our result above shows that such feature persists in our proposed Algorithm 4.2.9 for functional
constrained problems. In the following subsection, we will propose another projection-free method

for solving convex constrained optimization problems.

4.2.2 Conditional gradient sliding for convex constrained optimization

As mentioned in the remark after Theorem 4.2.1, denote ¢ = min{ey, &4} for simplicity, the
complexity for the number of gradient evaluations of V f, Vg;’s, and the linear objective optimization
subproblems are all in the order O(1/¢). Among the complexity results, it is known that the lower
complexity bound for the number of linear objective optimization subproblems for projection-free
methods is O(1/¢) (see, [8]). However, for functional constrained problems, the lower complexity
bounds for the number of gradient evaluations of Vf and Vg;’s have not yet been studied in the
literature. At present, the only related lower complexity bound known in the literature is the
number of gradient evaluations of Vf in the objective function. Specifically, for problem of form
minge x f(z), the number of gradient evaluations of Vf of any projection-based methods in order
to compute an e-solution is lower bounded by O(1/4/€). The lower complexity results involving
gradient evaluations of g;’s is still open for general convex smooth constraint functions; there are
only some results for the special case when g;’s are affine functions (see, [26]).

Based on the above summary concerning lower complexity bounds, it is an interesting re-
search question to study whether it is possible to develop projection-free methods that has bet-
ter complexity results than that of Algorithm 4.2.9 in terms of gradient evaluations of Vf and
Vgi’s. Indeed, there has been existing methods in the literature that motivates us to develop better

projection-free algorithms. Specifically, for problem of form min,cx f(x), it has been shown in [14]

66



that the upper complexity bound for gradient evaluations of V f and linear objective subproblems are
O(1/y/e) and O(1/¢) respectively. It has also been shown in ([28]) that the upper complexity bounds
on the number of gradient evaluations of Vf and Vg,’s are both of order O(1/+/¢). Therefore, we
might expect that the upper complexity bounds of gradient evaluations of both the objective and
constraint functions described in Theorem 4.2.1 can be improved. In this section, motivated by the
projection-based accelerated constrained gradient descent method with sliding (ACGD-S) proposed

in [28], we propose CCG with sliding for solving convex functional constrained problems.

Algorithm 4.2.10 The CCG with sliding (CCG-S) outer loop for solving (4.1)

Require: z° =z°c X foralli=1,...,m.
fort=1,...,N do
Compute
2t = (1 -zt 4 platt (4.11)

Construct the quadratic program

¢
argmin [f(z";z) + n—||33 — 22
reX 2

st lg,(zh2) <0, Vi=1,...,m.

Run the CG sliding subroutine described in Algorithm 4.2.11 with y° = 2!~! and accuracy

requirement &° to obtain an inexact solution z?.

Set ' to
' = (1-p"z' "+ plat, (4.12)

end for
Output z'V.

To begin with, if functions h are smooth, we define the linear approximation function of h

at y as

In(y; ) =h(y) + (z — y, Vh(y)).

Then we have the CCG-S algorithm defined in Algorithm 4.2.10. In each iteration of the outer loop

step in Algorithm 4.2.10, we first update x* for gradient evaluation with a convex combination z'~!

and x'~! of previous iteration. Then a CG sliding subroutine Algorithm (4.2.11) is performed to
find the direction 2! — z¢~!. Finally in (4.12), we update our iterate ' by moving from z'~! to the

t

direction 2t —z!~! with step size parameter 3. In each CG sliding subroutine in Algorithm (4.2.11),
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Algorithm 4.2.11 The CG sliding subroutine of Algorithm 4.2.10 for solving (4.1)

Require: 3° = 2'~! and target accuracy &
for s=0,1,2,3,...do

Compute
d"® = argmin Iy (z';y) + 0y, y* — ') (4.13)
yeX
s. t. lg(f;y) <0,Vi=1,...,m.
End loop if
g(yt,s) — <yt,s - dt’s,Vf(gt) + 77(yt,s _ CEt—1)> < 4.
Set y*t! to
yt,erl _ O(t’SJrldt"s 4 (1 _ O(zf,erl)yt,s. (414)
end for
Output y*.

a conditional gradient problem is solve to update the direction y** —z'~! = ' — #'~!. Remark that
since there is only one gradient evaluation in each loop of the subroutine, the gradient evaluation
complexity of the out loop stays the same. The convergence analysis of each subroutine is provided
in in Lemma 4.2.3. With help of Lemma 4.2.3, we will then give the convergence analysis of the

outer loop in Proposition 4.2.1.

Lemma 4.2.3. Consider the iterates {y"*} generated by the CG sliding subroutine in Algorithm
4.2.10 with ot =1

<yt,371 _ dt,sfl’ vf(gt) + n(yt,sfl _ 1.t71)>
=T = a1

a’* = min{1,

},s=2,...,N. (4.15)

Let S denote the number of inner iterations when the solution x' := y*° is output by the method,

the following relation is valid

, o Mt e Mol
Lp(aha) = lp(ahan) + Sllla’ — [P + [la" — "] < g lla" ! = 27* + (4.16)
Mg (' 2') <0, VA (4.17)

And we have S < enD% /8, where 1 is some universal constant.

Proof. Let X (t) denote the feasible region {x € X : [,(z;Vg(z')) < 0}. Note that X () is convex
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forall t = 1,...,N. With 2! = ¢ the termination condition implies that §(z*) < 6. Since d*** is

the minimizer of (4.13) and the optimal solution of (4.1) satisfy «* € X (¢), we have
(et — 2%, V() + n(at — 2 N) < (@t — dS Vi) + (et -2t = §(at) <6 (4.18)
The following qualities are derived from simple algebraic.

(@' — " (' —a'h) = g[llwt N e el A P (4.19)

(2 — " V() = Lp(asat) — Ly(ahs ). (4.20)

Combining (4.18), (4.19) and (4.20), we are able to obtain (4.16). Moreover, since X () is convex
and fixes throughout the sliding updates, and with o' = 1, the iterates z? are convex combinations
of points in X (t), we have that a* € X (t) and (4.17) is satisfied for any X € R7.

We now derive the number of iterations required in the sliding subroutine in Algorithm
(4.2.11) to generate the output zt.

Notice our objective function for the sliding subroutine is given by f; below

Jely) = Ip(a'sy) + Glly — ).

Since f is a convex smooth function, we are able to conclude that f; is also convex and smooth
with Lipschitz constant 1. Applying Lemma 4.2.1 and the convexity of f;, we obtain the following

inequality for any v-* € [0,1] and §%% := yb5dbs + (1 — 4H%)yhs—!

2
FF*) = i < (=) (A = £7) + () X, (121)

According to (4.14), y** lies on the line interval [y?*~1 y%5~1 4+ d*~1] and is determined by the
step size oy . In particular, we choose step size a, € [0,1] such that the quadratic function f; is
minimized.

Since when o = (yb*=t —db*=1 Vf(zt) + nlys=1 —2t=1)) /nllyts~1 — 21712 we have

that

Of
Oog

_ <dt’s_1 _ yt’s_l,Vf(f‘) + ,'7<yt,s—1 _ xt—l)) + asnllyt,s—l _ xt—1H2 — 0’
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and (4.15) gives the appropriate step size ;. With such step size ay, y** is the minimizer of f; and

Fi(yt®) — fF < fi(gh®) — fr. Thus we derive from (4.21) that

2
R = 17 < (L) () = f7) + (X

In particular, by Lemma 4.2.2, we can select v9* = 2/(s + 1) and w® = s(s + 1) to obtain

2nD%
s+1

fly™) = fi <

, Vs > 1.

By the smoothness of function f;, we derive from f;(y"*) — f; < fi(g>®) — f; that

ISW) <) = ) = (R = £+ (G4 G d =yt

2
S — 5 = (™) = ) + (610X,

(4.22)

where G(y"*) = (yb* — db*, Vf(z!) + n(y>* — 2*~1)). Apply the weight ws = s(s+ 1) on (4.22) and

sum from s =1 to s = S, we are able to obtain

S
s t,s . t,s
(3577) om0

2
s=2 s=1
d s s—1 t,s * > s(t,s 277D§(
< (@ =@ () = £+ YWt
§=2 s=1

where the second inequality is derived from the fact that w® = 0 and f;(y»5t1) — f7 > 0. With
ws = s(s+1) and v* = 1/(s + 1), we have

& 6nD%

1 S
i tsy < 4nD?% +2SnD% | <
i S S g (;Hl MPx 2Nk ) S g

and S < 6nD% /§ implies that the end loop condition G(y**) < § is satisfied. O

Remark that Lemma 4.2.3 implied that the iteration complexity of each subroutine is
bounded by an universal constant, which will result that the total complexity of CCG-S method

is determined by the complexity of the outer loop. The next proposition establishes an important
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recursive relation for the CCG-S outer loop.

Proposition 4.2.1. Consider ! generated by the CCG-S Algorithm in (4.2.10) with the prozimal
parameter chosen to satisfy n* > L(A)BY, where L(A) := Ly + Lg(A) with Ly(A) representing an
upper bound Lipschitz smoothness constant of Z:ﬁl Aigi(x) for any X € A, then we have
bt
B277 th _ Z‘*HQ
t —t—1 * —t—1 Bt i |2 tst
(- B — 7+ dg(@ ) + Sl et ot P 4 618, YA€ A

@) =+ Ag(@") +
(4.23)

Moreover, if there exists some weight w' satisfying w'Bint > W=t It~ and w'=1 > Wi(1 — BY),

then we have

F@EN) =+ Ag(zV)
(4.24)

< (1= 8 -+ ag@) + L0 D2 S gt ) wae

Sy (W= B ) = 7+ Ag(@) + DX + Y Jw L VA€ A,
i=1

In particular, choosing Bt = 3/(t+2), nt = 3L(A)/(t+2), 6' = L(A)D% /t(t+1), w' = t(t+1)(t+2)

would lead to

3L(A)D%

f(jN) — f* + )\g(fN) < m, Ve A.

Proof. Since f + \g is convex smooth, denote the Lipschitz continuous constant as L(A) < 8'nt, by
(4.11) and (4.12) in Algorithm (4.2.10), we have that

F@") +rg(a)

Slp(as7) + M (a7 + Lt 2

ﬂt t (425)
<1 B0 (s 37 + My (s3] + Bl (s at) + My(a'29)] + et — o'~
<= ) + A0 ]+ Al a) + Myla'sa)] + Lt — a2, wae A
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where the last inequality follows from convexity. By Lemma 4.2.3, we have that

* n * — n — *
(aha) ~ @sat) + Dl — o + ot =o' <Lt — P 4s (426)
Mgy (zh; ") <0, VA € A. (4.27)

Combining (4.25) with (4.26) and (4.27), we have

FIE) + Aa(#) <(1 - BOIFE) + Mgl )] + Bl (')
2 (=t =0t fat - 0P 4
(- BYIFE) + Mg + 5 F )

toqt
+ BT”(th—l — 2|2 — ||zt — 2*||2) + B8, YA € A.

(4.28)

where the last inequality follows from the convexity of f and g. Rearrange (4.28), (4.23) is derived.

If w! satisfies w!Bint > W17 1n!=1 and w'~! > w’(1 — B?), then by multiplying w’ to

(4.23) and summing up for t =1,..., N, we have

WV (@) = 7+ Ag(@"))

1p1,,1 m
< (wl(l BN — £ 2g(a) + LI a0 - ST ey Zwt6t5t>

i=1

m
wlﬂlﬁl

2 t ot st
5 DX+;w66>,V/\eA,

< (wl(l = BY(f(2°) = f* + Ag(z%)) +

and (4.24) in derived. In particular, choosing 8¢ = 3/(t+2), n* = 3L(A)/(t+2), ' = L(A)D% /t(t+

1), wt =t(t +1)(t + 2) would lead to

1
NN +1)(N +2)

F@V) =+ 2g(@V) <

(3L(A)D§( . 3NL(A)D§(> 3L(A)D%

2 ~ 2N(N +1)’

where A is arbitrary in A.

Remark that the above proposition implies f(zV) — f* + A\g(z") < ¢ if N is greater than

O(y/L(A)D% /) for any accuracy threshold e. The following theorem further proved that if (4.24)

in Proposition 4.2.1 is satisfied, zy is an (e, ,)-approximate solution such that f(zV) — f* < ey
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and [g(zV)]+ < e

Theorem 4.2.2. Consider z* generated by the ACGD Algorithm in (4.2.10) with the proximal
parameter chosen to satisfyn® > L(A)B", where L(A) := Ly+Ly(A) with Ly(A) representing an upper
bound Lipschitz smoothness constant of Z:ﬁl Aigi(x) for any A € A, and there exists some weight
Wt satisfying w'Bint > WTIBT It and Wit > wi(1 — BY). If we choose A = \* + ||\*||B(0, 1),
then Tn is an (cf,e,)-approzimate solution such that f(Zn) — f* < ep and [g(zN)]+ < g, with

N = O(max{y/I(0) D% Je7. I(NDE /2, ).

Proof. By Proposition 4.2.1, with such choice of parameters {n‘}~ ; and {3} ,, if the total number

of iterations N is greater than N = O(max{\/L(A)D% /s, /L(A)D%/e,}), then f(zV) — f* +
Ag(#Y) < min{es,e,} for any A € A. Since X is arbitrary, if we choose A = 0, then f(zV) — f* <&,
is derived. Denote (Z*, \*) as the saddle point of f(z)+ Ag(x). Without loss of generality we assume
[[A*|| = 1. Then we have that

0< f@Y) = f +xg@™) —0Tg(@) = f(@V) — f* + Xg(a"). (4.29)

Choose A = \* + [g(Z™)]+/|[[g9(z)]4 ||, then we are able to derive from (4.29) that

[+ < Ng@EM)]ll < F@Y) = £+ Ag@"Y) < gy/IIN*] = &

Remark from Theorem 4.2.2 that since there is only one gradient evaluation of functions

f and g in each subroutine, the total iteration number required to obtain an (ef,e,4)-approximate

solution is greater than N = O(max{\/L(A)D% /e, /L(A)D% /c,}). This is a better complexity
result for solving convex constrained optimization problem (4.1) than the CCG method. However,
the complexity property of CCG-S has for solving nonconvex optimization problems has not yet been
studied. In next section, the constrained conditional gradient method with line search is proposed

for solving nonconvex problem (4.1).
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4.3 Nonconvex smooth functional constrained optimization

In this section, we continue to examine the nonconvex optimization scenario where the
convexity assumption for f is relaxed. However, we continue to uphold the assumption that the
feasible set X remains convex. In Section 4.3.1, the constraints g;, ¢ = 1,...,m are convex, and the
corresponding convergence analysis are given. In Section 4.3.2, g;, i = 1,...,m are also nonconvex
with the convergence analysis given.

For nonconvex smooth optimization, two optimality conditions are commonly known in the
literature: the Fritz-John (FJ) and the Karush-Kuhn-Tucker (KKT) conditions. Specifically, the F.J
necessary condition of problem (4.1) at a feasible point & is that there exists nonnegative multipliers

Ao, - -+ A that are not all zero such that

m

(MoVI(E) + Y \iVgi(#), & —2) <0, Vo € X.
=1

Without loss of generality, we assume that > .~ A; = 1. The KKT necessary condition is a special
case of FJ in which A\g = 1. Our goal is to obtain am approximate FJ point.

We propose the CCG with line search algorithm in Algorithm 4.3.12 solving nonconvex
optimization problems. The structure is based on the original CCG algorithm in Algorithm 4.2.9.

To accelerate the convergence of CCG, we add a line search step (4.31) for a best step size ~*.

Algorithm 4.3.12 Conditional gradient method with line search (CCG-L) for solving (4.1)

Require: 2° ¢ X foralli =1,...,m.
fort=1,...,N do

Compute
st e argen}l(in (Vf(zt1),2) (4.30)
st g2+ (Vg (e, 2 — 21 <0, Vi=1,...,m.
Set z! to

ot = (1 —4H)zt~1 +4tst,
where ¢ is chosen such that

vt €argmin f((1 — 7)™t +7s') s.t. gi(1— )2 +ys!) < e, Vi=1,...,m. (4.31)
720

end for
Output zV.
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Before we discuss the convergence analysis of CCG-L when the constraints are convex and
nonconvex respectively, remark that the feasibility of the the convergence analysis of CCG in Section
4.2 is derived by convexity. Without the convexity assumption, in Algorithm 4.3.12 the optimization
problem in (4.30) is not necessarily feasible. The following Proposition show that if an iterate x*~!
is assumed to be g,-feasible, even if the optimization problem in (4.3) is not feasible, 71 is an

(ef,e4)-approximate FJ point as defined in Definition 4.1.3.

Proposition 4.3.1. If '~ in Algorithm 4.2.9 is ,-feasible but the optimization problem in (4.3)

1

is infeasible, then x'~1 is an (¢f,e,)-approzimate F.J point.

Proof. To construct an (g7, ¢&,)-approximate FJ point, we first consider the feasibility problem

min 0
vex (4.32)
st g2+ (Vg (e, e =21 <0,i=1,...,m
associated with problem (4.3), whose dual problem is
i (it 1 (pt—1 _t—1
\, mex  min 2 Ai(gi(@" ™) + (Vgi(z' ™),z — 2" 1)).
Note that the dual problem is always feasible (with A; = --- = A,, = 0). Therefore, problem

(4.32) is infeasible if and only if there exists Aq,..., Ay > 0 such that mingex Y oy Ai(gi(z ™) +

(Vgi(z!=1), 2 — 2t=1)) > 0, i.e,

m

D AVl 2t —2) <Y Ngi(a ), Vo e X

=1 i=1

Clearly, we have 27;1 A; > 0; otherwise the above inequality will not hold. Without loss of gener-

1

ality, we assume that 2211 Ai = 1. Recalling the assumption that z'~! is e 4-feasible, with Ay = 0,

we have
<O V) + Z)\ngi(xt_l),xt_l - x> <egy <ey.
i=1

t—1

Therefore, '~ is an approximate FJ point. O
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As shown in the previous proposition, we would like to keep the e,-feasibility of iterates.

1

The following lemma shows that if an iterate 2'~! is £ -feasible, then with appropriate parameters

4" chosen, the iterates will remain ¢ -feasible.

1

Lemma 4.3.1. Suppose that x'~1 is e4-feasible in Algorithm 4.2.9. Then z* is also €4-feasible if

vt <e4/LyD% < 1.

Proof. Applying Lemma 4.2.1, denote A; := ! [y'L,D% /2 — g(z")], we have that g(z**') < g(z*) +
A;. Since vt < e,/L,D%, we have that v/ L,D% /2 < ¢e,/2. If £,/2 < gi(a') < &4, then A; < 0, and
hence g;(x'™!) < g;(x') < 4. Otherwise, if g;(a!) < g,/2, then A; < 4'e,/2 < g,/2 with 4% < 1.
Thus g;(z'™!) < gi(z') + Ay < g4/2 +£4/2 < 4. In conclusion, max; g;(z'™!) < g, and 2! is

e 4-feasible. O

Lemma 4.3.1 implies that with an e4-feasible starting point xo, all the iterates x; are e4-
feasible. Since we add a line search step for the best step size parameter 7;, we are not able to choose
a constant ~* as in the convergence analysis of CCG when the problem is convex. however, note that
Lemma 4.3.1 implies that there always exists an v* < e,/L,D% < 1 such that (4.31) is feasible with
an €4-feasible starting point 9. The convergence analysis of the line search algorithm Algorithm
4.3.12 is provided in the following sections for solving the nonconvex optimization problem (4.1)
with both convex constraints and nonconvex constraints. We will first provide the convergence of

the convex constrained problem.

4.3.1 Convergence analysis for solving convex constrained nonconvex op-

timization problem

In this subsection, we first consider the nonconvex constrained optimization where the con-
straints g;, ¢ = 1, ..., m are convex. The following Theorem shows that with appropriate parameters

chosen, we are able to obtain an (e¢,¢e,4)-stationary point solution.

Theorem 4.3.1. Consider (4.1) with convex constraints g;, i = 1,...,m. In Algorithm 4.2.9,

if we start from an e4-feasible starting point xg, then denote Ay = f(xo) — f(z*), there exists
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te{1,2,...,N} such that

_ _ A;D3 £ ‘
(V@ h, 27 —2) Nmin?%ﬁ(i—q +3f,Vx €X st.gi(x)<0,i=1,...,m and (4.33)
f’

Proof. Since we start from an e,-feasible solution xg, the iterates always remain e4-feasible. Thus
it suffices to only consider the convergence of the Wolfe gap max,(,)<o zex (2" —x, V f(z")). Denote
X0 :={re X, g(z) <0}, X! :={z e X, (Vg(x!1),z—a! ")+ g(z'~!) < 0}. Since g;, i = 1,...,m

are convex and X° C X1,

max (Vf(z'71), 2™ — 2) <max(Vf(z'1), 2"t —2) = (Vf(z'™h), 271 —s). (4.34)
zeX0 seX?

The last equality is derived from (4.30). Define 2! = (1 — y)a'™! + vs', where v =
min{es/L;D? e,/L,D?}, then derive from Lemma (4.2.1) and the smoothness of the objective

function f that

L
AWV, =) <F) = f@) + P (4.35)
L
<f@'™h) — fah) + 75Dk
where the second inequality is obtained by the fact that f(x!) < f(a!) and s',2'~! € X. Summing
up the above inequality (4.35) for t = 1,..., N, since f(z°) — f(zV) < f(z°) — f(z*), we have
N

N
YAV T =) <(F@0) — f@) + )

t=1 t=1

v?LsD%

! (4.36)

Derive from (4.34) that (Vf(2'=1), 2! —2) < (Vf(at™1),2!71 — st), Vo € Xo, t € {1,...,N},

(4.36) implies that there exists an ¢ such that (4.33) is derived. O

Remark from the above theorem that the number of iterations required by Algorithm 4.3.12
is bounded by O (max{AfoDg( /5?, AyL,D% /sfsg}) to obtain an (e, £4)-stationary point solution
to the original problem (4.1). In the following subsection, we will continue to the general nonconvex

constrained optimization problems.
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4.3.2 Convergence analysis for solving nonconvex constrained nonconvex

optimization problem

In this subsection, we perform the convergence analysis of Algorithm 4.3.12 for solving (4.1)
with nonconvex objective and constraint functions. The following Theorem provides complexity

analysis for computing an (ey, Eg)—approximate FJ point.

Theorem 4.3.2. In Algorithm 4.2.9, if we start from an €,4-feasible starting point xo, and the total
iteration number N > 2max{AyLyD% [e7, AfLyD% [efey}, then denote Ay = f(xo) — f(x*), there

exists \; > 0,i=0,...,m and k € {1,..., N} such that
NoVf(x'™Y) + Z AiVgi (@Y, 2t —2) <&y, Vo e X. (4.37)
i=1
gi(z'™1) <egg, Vi=1,...,m, t=1,...,N.
Proof. Since we start from an e,-feasible solution zg, the iterates always remain e4-feasible. By
Proposition 4.3.1, if the optimization problem in (4.30) is infeasible, then z'~! is an (ef,e,)-
approximate FJ point. Thus we only consider when (4.30) is feasible.

Define z = (1 —y)z'~! + vs', where y := min{es/L;D%,¢,/L,D%}. From Lemma (4.2.1)

and the smoothness of the objective function f, we have

HTF@), 2t — ) <5 ) — @) + 72 s — a2t

<ft) ~ Fa) + D3

Therefore, summing from ¢ = 1,..., N and recalling that v := min{e;/L;D? e,/L,D*} we have

N
1 A L;D?
i (V7,27 =) <5 3 (VT = o) < ﬁ + MTX
= (4.38)
A;D% ef
Nmin{%’;, = 2

,,,,,
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and study the optimization problem

: k—1 k=1
min(Vf(z"77), 2 -2

.t gi(@" ) + (Vgi(a* 1),z —2F 1y <0, Vi=1,...,m

in which one optimal solution is = s*. The saddle point form of the above problem is

m

. -1y .. k-1 k-1 I N |
min max(Vf(e" ),z —a >+;/\z(9z(x )+ (Vgi(a" 1),z — 2 1)

From the optimality condition and complementary slackness, there exists optimal multipliers A>0

such that

(VS ), s" —a*h)

:<Vf(.’tk_1), Sk _ :L’k_1> + i;\z (gi(xk_l) + (Vgi(xk_l), Sk _ :L’k_1>)

From the above relation and (4.38) we have

o3
+
NE
o
<
°
&)
o
L
:—/
8
ol
L
-

(V)2 =

.
<
3 =~

S<vf(xk71)7xk71 - Sk) + Aigi(xk71)7 Vo e X

i=1
AyD% Ef =<
e T
= . gf € =9
N min{ i 2

Denote \g = (14 Y-, )L and Ay = A for i =1,2,...,m.
With N > 2max{AfoD§(/5?c,AngDg(/afsg}, derive from (4.39) that there exists k €
{1,2,..., N} such that

MoV f(zP 1) + Z AV (zF1), 281 — ) < Ao <5f + Z j\isf> <ef, Yz e X. (4.39)
i=1 i=1

thus (4.37) is derived. O
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Remark from (4.37) that if the number of iterations N required by Algorithm 4.3.12 satisfies
N>0 (maX{AfoDE(/E?, AngD§/6f5Q}>, then z! < e, and iterate z' is an (£ ¢, €,)-approximate

FJ point of Algorithm 4.2.9 for solving (4.1).

4.4 Conclusion

We now have a brief summary of this chapter. The research goal is to design projection-free
algorithms for solving functional constrained optimization problem in this chapter. We first describe
the problem of interest and essential definitions of different types of approximate solutions in Section
4.1. Secondly, in Section 4.2, we provide two projection-free methods for solving convex constrained
optimization problems. The constrained conditional gradient (CCG) method is proposed such that
the gradient evaluation complexity and the linear objective optimization complexity are both of order
O(1/e). Then CCG with sliding (CCG-S) method is described with an O(1/4/¢) gradient evaluation
complexity and O(1/¢) linear objective optimization complexity. Finally, in Section 4.3, we develop
projection-free conditional gradient (CG) type algorithms for solving nonconvex constrained opti-
mization problems. We propose CCG with line search (CCG-L) to obtain an approximate solution

with in O(1/¢?) iterations no matter the constraint functions are convex or nonconvex.
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